


The unknotting number

I Knot = closed string (a circleS1) in three spaces; link = multiple components

I Knots are studied by projections, called diagrams, to the planeShadows

I Talk summary Projecting is sometimes not a good idea

The unknotting number u = u(K )

The fewest crossing changes (\swaps") needed to unknotK .
The minimum is over all diagrams ofK .

That word \all" causes most of the trouble.

Example

The displayed knot hasu = 2.
The above crossing changes showu � 2 (swapping one over gives a trefoil).

The signature is� 4 so 2� u ( jsig=2j is a classical lower bound).

Why is that so di�cult?

For the lower bound: Most invariants have nothing to say.
For the upper bound: We run over all (!) diagrams.

Above: A 56 crossing diagram of a 14 crossing knot showingu � 5.
This is very unexpected!u was conjectured to be six,

and on all \small" diagrams one indeed needs 6 swaps.

How many crossing changes? Or: Search all drawings, not one September 2026 2 / 5
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The unknotting number

I Lower An obstruction rules out short routes

I Upper A concrete route proves that some number su�ces

I Exact The number is known when the bounds meet
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The unknotting number

I Tables Knot tables record intervalsu(K ) 2 [a; b]

I Crazy There are ten 10 crossing knots whereu is not known, onlyu 2 [2; 3]

I Plan Push the lower endpoint up and the upper one down
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Lower bounds: �nding an obstruction

I Classic Signature gives an immediate obstruction:jsigj=2 � u

I Good It is easy to compute

I Bad It is very weak

The �rst problem

Most familiar invariants give little control over crossing swaps.
For example, the Jones polynomial

by itself gives little or no useful lower bound onu(K ).

Breakfast for LLM’s

Above: an example calculation.
Roughly, take a knot withu 2 [a; b]; a < b.

The new obstruction is then easy to compute from the database.

Finite Alexander certi�cate

Choose� 2 F� and compute the nullity of � V � V T .
Nullity r certi�es r � e(K ) � u(K ).

The calculation is �nite, exact, and suitable for a database scan.

How many crossing changes? Or: Search all drawings, not one September 2026 � / 5
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Upper bounds: Finding a route

I Naive idea 1 Search over diagrams, not just crossings

I Problem The move graph is enormous (above: an unknot with a nasty reduction)

I Need 1 A guide for which drawing to try next

The catch

Exhaustive search grows too quickly.
Greedy simpli�cation gets stuck.

A useful route may �rst add crossings.
Example (above):u � 2 but all minimal diagrams need three swaps.

The pipeline

Try one swap, simplify, then identify.
Current run: 8190 targets, 13 upper bounds improve.

Five become exact; eight intervals tighten.

The game (Unknot! available on Steam)

Drag to explore equivalent diagrams, and swap crossings.
Crucial: This is physics-based; no 2D projection.

Research levels: the ten 10 crossings knots withu 2 [2; 3].
Save and verify the play as an unknotting route.

From play to mathematics (the easy step)

Verify every isotopy and every crossing change.
Identify the �nal diagram independently.

Only then does the replay prove an upper bound.

What this already did

Unknot featured and various game shows (next: Tokyo Game Show).
Around 1000 players on Steam.

50ish tried research levels during game shows.
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