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Braids and representations
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1 Braid groups have been around for Donkey’s years
1 It took a while until braid got formalized; e.g. Artin 1925

I What makes them so tantalizing is that they are in the intersection of

topology and algebra, and di cult and easy at |the same time
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Braids and representations

BraidGroup(3)
.LKB matrix(variables='q,t")
0 -gM4*t + gqn3*t
0 -q™3*t
-g"2*t  g™3*t - gqn2*t
= B([zl 1: 2])
.LKB matrix(variables='q,t")
0 -g™4*t + gq"3*t
0 -q73*t
-q72*%t  gqt3*t - g72*t

e —— ) () e — T T

SageMath

-qPA*t]
0]
0]

-qnA*t]
0]
0]

I Laurence{Krammer{Bigelow (LKB) 2001 |Braid groups are linear

1 l.e. there is a way to associate matrices M( ) to braids

= - M()=M()
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. is i ]
Braids and reprd This is pretty darn awesome!
This solves the recognition problem of braids, e.g.
B = Brg
b = B([
b.LKB m
[ = -q7A*t]
¢ = B(I[
C.LKB n which we can check in SageMath:
[ Type some Sage code below and press Evaluate. _ q/\ xt ]
B=BraidGroup(3)
b=B([2,-1,-1,-1,2,1,1,1])
[ Bb=b.LKB_matrix() ]
c=B(I1,2,2,1,2,1,2,1])
Bc=c.LKB_matrix()
Bb==Bc
1 Laurence{K ps are linear
I le. there is § Evaluate uch that
False
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Braids and representations

IN MATHEMATICS

Weyl 1946:

[he Classical broups
Their Invariants and
Representations

I Howe 1989++ Schur{Weyl duality approach to classical invariant theory

I Howe took Weyl’s, quote, \wonderful and terrible book™ on classical

invariant theory and reformulated it in terms of ' double centralizers
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Braids and Example Howe 1989
There are two commuting actions on the exterior algebra
GLnC (C" C")OGL,
that generate each other’s centralizer, i.e.

CGLm Endc, (C™ C" and vice versa with picture:

GL-action

~

GLn-action
1 Howe ariant theory
I Howe t sical
invariar T CT I\.a\.ll_y TATTO l\;l\\;llllUIML\ou TCO ITT COTTTTO OUT OO TC CUTTOT ulll_\.lrs
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Braids and representations

Example Howe 1989 continued

Adamovich{Rybnikov 1996 argued that this version of Howe duality is tilting theory
We won’t need this
but this essential means that you can tilt your head and things look the same

I Howe took Weyl’s, quote, \wonderful and terrible book™ on classical

invariant theory and reformulated it in terms of ' double centralizers
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Braids and representations

Example Howe 1989 continued

Howe showed even more: the copies of the simple GLn-module Ly( )
appearing in  (C™ C") form a GL,-module L,( T) and vice versa with picture:

multiplicity
space

GLn-GL, BiiodUle GeComposiion]  (C™ =" La() Ln( )

invariant theory and reformulated it in terms of 'double centralizers

Representations of braids and Howe duality Or: Large = good May 2023

ry

2/5



Braids and representations

GL,-action

A~

Bry-action
Bry-action
GLn-action

- Bry-action

Brp-action

Brp-action

1 Example Howe 1989 continued Every GLp,-weight space carries an action

of the n-strand braid group Bry -
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Braids and represe -

We get many Bry-reps
and they are related to GLn-combinatorics

- Bry-action
GL-action - Brp-action

.................................. Br,-action

Brp-action

I Let us focus on GL-GL, dualities

I Example Howe 1989 continued Every GL,-weight space carries an action

of the n-strand braid group Bry -
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Braids and represe

We get many Bry-reps
and they are related to GLy-combinatorics

pn

I Letus

I Examj&=
of the

Tasks

Find the LKB rep in Howe’s setting
Use GLn-combinatorics to study them

BS an action
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Braids and representations

GL,-action

Howe’s approach in a nutshell

Commuting actions
Double centralizer
Bimodule decomposition
Braids act on weight spaces

- -

of the n-strand braid group Br, |Braid reps
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Where does the LKB representation come from?

B = BraidGroup(3)

b =B([1])

b.LKB matrix(variables='q,t")
[ -g"2*t 0 g°2 - q]

[ 0 0 ql

[ 0 1 -q+ 1]

1 The LKB rep has 'two variables g; t
I It is easy to guess that q is a quantum group parameter
1 But what is t?
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Where does the LKB representation come from?

B Disclaimer

The q is crucial but harmless and | will ignore it, i.e. q = 1!

L] =

b.LKB matrix(variables='q,t")
[ —gP7*t 0 g22—1] O
[ f@ 0 a1 1
[ 0] 1 -g+—F|0O

Oy U B WK =

I The LKB rep has two variables q;t
I It is easy to guess that q is a quantum group parameter

1 But what is t?
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Where does the LKB representation come from?
C = indexing set for simples

Tv

L(A+) = (1+i)

X\
4 3 2 1 12\34'

L(2)

N W s

A w NN

I Verma+Bernstein{Gelfand{Gelfand 1966++ there exists a category O
of sl,(C)-modules whose simple objects L(t) are [indexed by t 2 C

I There is a similar statement for other semisimple Lie algebras
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Where does the LKB representation come from?

C = indexing set for simples

[y

L(A+) = (1+i)

/

47
3
2
1

L
L4
1 1 3 4
1

L(2)

1 Verm 1

Weyl (and others) 1930++ classi ed
nite dimensional simple sl>(C)-modules which are indexed by Ng

Natural numbers

2 3 4 5

of sl O lIs in the remaining complex numbers

ategory O

I There is a similar statement for other semisimple Lie algebras
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Where does the LKB representation come from?

jt=25  t—2.4, 1-2.3 )fo flt72-'lflf72()
. mr my n; mo my my

sly:
5 | 3 2 \

I moves to the right, F' moves to the left, H is a loop.

I For t 2 N the simples are so-called Verma modules (t)

I These are free modules where E = (33) and F = (99) act freely up to a
highest weight condition

I H= } % acts diagonally
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Where does the LKB representation come from?

Liouville’s Constant
— The earliest transcendental number —

=1
L= ZW = 0.110001000 . . .
n=1

In[2]:=
1+Pi+Pin2

147+ 772

1 Folklore ??? Transcendental numbers are essentially |variables
I Mathematica for example treats as a variable unless speci ed otherwise

1 Hence, why not take | (t) for t transcendental?
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Where does the LKB representation come from?
C = indexing set for simples
4y
3
2
1

A W N

I Jackson{Kerler 2009 The LKB rep of Br, can be constructed using
(t) " for transcendentalt 2 C

I This is a Reshetikhin{Turaev type construction
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Where does the L= Jac‘ksgn{Kerler ,2009,\

The construction of the LKB rep
involves only R-matrices and nothing fancy!

1 Jackson{Kerler 2009 The LKB rep of Br, can be constructed using
(t) " for transcendental t 2 C

I This is a Reshetikhin{Turaev type construction
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Where does the Lk JacT(sgn{Kerler ‘2009"

The construction of the LKB rep
involves only R-matrices and nothing fancy!

3

Kahrstrom (and others) 2007
The tensor product (t) " naturally lives in O

O = O but allow countable direct sums
The tensor product is 1 semisimple

L
Example (t) 2=, (@t 2s)

4

1 Jackson{Kerler 2009 The LKB rep of Br, can be constructed using
(t) " for transcendental t 2 C

I This is a Reshetikhin{Turaev type construction
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Where does the LI

JacT(sE)n{Kerler 12009"

The construction of the LKB rep
involves only R-matrices and nothing fancy!

3

The tensor product

Kahrstrom (and others) 2007

O = O but allow countable direct sums
The tensor product is 1 semisimple

L
Example (t) 2=, (@t 2s)

(t) " naturally lives in O

4

I Jackson{Kerlg
(t) " for t

Ignore the tilde:
the point is that the LKB rep

comes from semisimple classical Lie theory

structed using

I This is a Reshetikhin{Turaev type construction
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Where does the LKB representation come from?

| = 0; Bry-action

| = 1; Bry-action

SLpmACTION | v AN | = 2; Bry-action

.................................. | = 3; Bry-action

. | = 4; Bry-action

1 Jackson{Kerler 2009 The (I 2 N)th LKB rep LKB™!' of Br, is

Examples | =0 ¥ trivial, | =1 ® red. Burau, | =2 ¥ LKB
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Where does the|

SLz_action ...............

3

Summary

The LKB rep can be defined

1. from classical Lie theory

‘gk

2.This directly generalizes‘ ‘

t=trancendental
highest weight

- | = 0; Bry-action

- | = 1; Bry-action

- | = 2; Brp-action

I Jacksond

We believe this resolves
all reMoining questions
on this topic. No further
research is needed.

References
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e STl
JUST ONCE, I \JANT TO SEE A RESEARCH
PAPER WITH THE GUTS TO END THIS WAY.

Well, maybe there is more to be said here

For example, the cone clearly suggests a Howe duality

I Example{generally new, not tilting invariant and knows all of LKB (B
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Verma Howe duality

1 -2 A 1 1 A 1 1 A 2 1 A 3 1
S Ut \@/ ~ Q0
P w1 w2 w3
B_4C_4 /;:f(‘ ) B.C, /7:_7(1 B.C, ByCs BsCs
2 moves to the right, F moves to the left, K is a loop.
4 - 4
1 R ) -1 1 1 1 3 1 5 1
e \\u\) b \Q/ \Q/ \Q/ \Q/ ) 9-// RN
explicit: . % P PN N P P
-9 74 -1 0 -1 —4 -9
I moves to the right, 7 moves to the left, K is a loop.
1 -5 -3 -1 1 1 1 3 1 5 1
i N - i S S
. / \Q/ VN Q/ RS Q/ \‘\Q// \\Q// ™~
explicit: -~ wa whwwl W w
-8.75 -3.75 -0.75 0.25 -0.75 -3.75 -8.75

2 moves to the right, F moves to the left, K is a loop.

1 Dense modules of sl,(C) = weight + support equals a coset from h =Q

1 The above are examples of | dense sl,(C)-module
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Verma Howe duality

-5 -3 -1 1 1 1 1 1
simple: ”\\,, / } ) ;A \ P ﬂ “ /,4 N / " A \\77 /,n
-8.75 . —l) ().25 -().m »&.Ak) -8.7¢
2 moves to the right, F moves to the left, K is a loop.
covVerma
Verma
E moves to the right, F moves to the left, K is a loop.
coVerma
ndim
Verma

I moves to the right, /" moves to the left, K is a loop.

1 For sl,(C) these can be classi ed: we only have three classes on Z

Representations of braids and Howe duality Or: Large = good May 2023 4 /5



Verma Howe duality

sls:

VN NN NN
ANAYNAYWAYAYA

1 For higher rank these are grid-type modules; generic scalars ) simple

I Fernando, Futorny 1986 All simple weight modules are dense or are
induced from dense modules
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Ver

Dense modules = [\biggest possible™ weight modules

Although the simple dense modules are essentially classi ed (Mathieu 2000)
| they still are mostly mysterious

induced from dense modules
Representations of braids and Howe duality Or: Large = good May 2023
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Verma Howe duality

(a) There are commuting actions Commuting actions
Ulgl) C A% = @ AMFTh @ g AMTd O U(gl).
dezn
(b) Let ¢* be the algebra homomorphism induced by the U(gl) actions from (a). Then, for
admissible parameters \: Double centralizer

¢*: U(gly) —q Endyg (A™),  ¢": U(gl,) —a Endpgr,) (A™).
That is, the two actions densely-generate the others centralizer.

(c) For admissible parameters X we have the decomposition of the U(gly)-U(gl,) bimodule A*

into Bimodule decomp.
AGB)\ o~ @ AE)\7z+g7t1t ® DI~ tt.
geZL
t€Z>

The various A¥MH9=LE gnd DI~bE are nonisomorphic simple U(gly) modules respectively
U(gl,)) modules.

I The above is Verma Howe duality

1 Admissible parameters , generic/transcendental
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Verma Howe duality

(a) There are commuting actions
Ulgly) C A% = plaMtd g @ AMTdlO U(gl).
dezn

(b) Let ¢* be the algebra homomorphism induced by the U(gl) actions from (a). Then, for

admissible parameters A:

¢*: U(gly) —q Endyg (A®Y),  ¢": U(gl,) —a Endygr,) (A™Y).

That is, the two actions densely-generate the others centralizer.
(c) For admissible parameters X we have the decomposition of the U(gly)-U(gl,) bimodule A*

mnto

AGB)\ o~ @ AE)\7z+g7t1t ® DI~ tt,

gEZ
t€Z>o

The various A¥MH9=LE gnd DI~bE are nonisomorphic simple U(gly) modules respectively
U(gl,)) modules.

I Moreover, there is a [surjective braid group action on the marked part

1 All higher LKB reps shows up _

1 This \immediately™ implies that all higher LKB reps are simple
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Verma Howe duality

(a) There are commuting actions

Ugly) C A= @ AMth g @AMt O U(gl).
dezn

(b) Let ¢* be the algebra homomorphism induced by the U(gly) actions from (a). Then, for
admissible parameters X:

¢ U(gly) —q Endy g (A%Y), ¢™: U(al,) —q Endyg) (A%Y).
That is, the two actions densely-generate the others centralizer.

(c) For admissible parameters X we have the decomposition of the U(gly)-U (gl,,) bimodule A*
nto

A@/\ o~ @ AZA,A»gft,t ® DgftA,t.
g€L - ’
t€L>q

The various A¥F974t and DIt are nonisomorphic simple U(gly) modules respectively
U(gl,,) modules.

I There is also a quantum version |Easy
I There is also a higher rank version Di cult (not done)

I There is also a nonsemisimple version Very di cult (not done)
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Ve One picture summary
(a)

(b)

(c)

I Think of a ' 4 ceiling with a Verma module (= 4. cone) hanging at each point

Every Verma module carries all higher LKB reps

. Take a direct sumover Z N A

| That large beast is the module in Verma Howe duality
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Representations of braids and Howe duality

P — it e
) [ —— ]
1 Rlook wile url b0 gt fomalzed ehtn 1925 -
[ ———

Braids and represenations

Braids and represeniatons.

eyl 1545

o 1969+~ [SERGHUWRY| BUA) sporoac 1o clasical vt thry
1 Howe took Weyts, uoteWondetl and e Book on classical
iyatan thcry and efomutted i tams

Brads and represenatons.

Thers are o commutg aconson th evterirageal

oo @ e Hove shoved aven mor: thcopesof e sngi.-modkie L )

ppoaring - (C™ 1) o a Lo L{ ") and o versa wih el

hat genertscach ovrs convale, Lo multiplicity
lcotn Ende, (€7 ) and v versa win picuf space

GLacton

modite >
oo SRR <)~ L) )

nvarant theory and eformutated i n terms

ariant teary

Whare does the L@ repesaiatian com o Verna Hove duslty
. 08 acton
=i acton smpe
Stecton P
=20 acton —
Vorma
sior,aton
1 Sackonlrr 2005 The (12 NI LKB rep LKG of 8 s .
| [Biales 1 =0 1 vl 1=11 red Burau =21 UKD 1 For sh(C) these can bSaBBIEA  we ony hav{ifies casses of

There is still much to do

Or: Large = good

GLyacion

e acton
Biacton
GLacton| B acion

Bracton

Biacton

R
| RIS oyt ok cris st

v [ ]

1o 0 ot i v mooue (4] coney g t ech sk
ey b cares o e 13 05
ok e sum vz
| Tt g ess s e ke i Verma How iy

May 2023

575



Brasds and representaions Brads and repe Braids and represeniatons.

eyl 1545

wich e can chotkn Sagevs:
s SLETE

[ R T —
1 100k 0 whie unh b gt fomalzed: e givin 1925
!

1| Lamencet o 1969+~ [SERGHUWRY| BUA) sporoac 1o clasical vt thry
1 Howe took Weyts, uoteWondetl and e Book on classical
iyatan thcry and efomutted i tams

| L. there s

orobr e, st s oy R

Braids and represenations Brads and represenatons.

Thers are o commutg aconson th evterirageal
e (© Yoo he copies o the s - module( )
ety (6 s G 1) o et i e

hat genertscach ovrs convale, Lo

multiplicity
lcotn Ende, (€7 ) and v versa win picuf space

GLacton

GLacton|

— modite =" [ 1 Lerus focus o SURGLINIRE
Ivariant theory = feory et o
oo S © - L0 W) ! T T Ter—
varant heory and reformulated i trms (UG GRNURIESE: ofhe rstand brid groug
Wihere does the LK@ representation come from? Verm Hae duslty v one e sy
simple:
coverma
Verma
I Jackson{Kerler 2009 The (1 2 Nth LKB rep LKB"" of Br, is o | |
Verma 1o oo w2 verma mcute (45 cone) haning  esch o
et ket (n 2) e
| akw a et som vz [
| [Biales 1 =0 1 vl 1=11 red Burau =21 UKD 1 For sh(C) these can bSaBBIEA  we ony hav{ifies casses of | Tt e beast s e made i Verma Howe sty

Thanks for your attention!
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