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What? Why? How?

graded categorial quiver
representation representation varie-
theory theory ties
low- KLR canonical
dimensional algebras bases
topology & friends theory
2_-Kac various
—Moody forms of Lie more...
algebras theory

» Khovanov-Lauda—Rouquier ~2008 4+ many others (including many people

here) KLR algebras are at the heart of categorical representation theory

» Problem These are actually really complicated!

» Goal Try to find nice (“cellular") bases for them
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What? Why? How?

Categori- .| wKLRW |, Crys-
fication ’| algebras | tals

idempotent | truncation

KLR
algebras

——o——o
Cs:

T % 3

(A —L3 A+ As] =23 A, + AL —5 [Ay — Ag] —23 [A, = Ay — [-A,]
1 1

| S i F =l | HH || |||H H

A, 1 1A, 2 31A, 2

Use a richer combinatorics which is somewhat easier although more sophisticated

wKLRW algebras and crystals Or: From path to strings September 2022 2/7



What? Today
1) The diagram combinatorics
Cate ; ; rys-
ficat : .~ hls
' isotopy >
R
1 <
1 ™
p p i
2) Sandwich cellularity
cellular: C%",LB o~ (— # =K, affine cellular: né‘-ﬂn_B B 4— commutative .}
sandwich cellular: (i\"m B~ <— general J7 ,
[4 1]
3) Bases and crystals [
Use a ri _ lsticated
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String diagrams — the baby case

Connect eight points at the bottom with eight points at the top:

or

(12436)(57)(8) % ‘

We just invented the symmetric group Sg on {1,...,8}
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String diagrams — the baby case

7738 S K=

(79 O\ P X

My multiplication rule for gh is “stack g on top of h"

wKLRW algebras and crystals Or: From path to strings September 2022 3/7



String diagrams — the baby case

» We clearly have g(hf) = (gh)f
» There is a do nothing operation 1g = g = g1

» Generators—relations (the Reidemeister moves)

R3] [
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String diagrams — The bait

In diagram algebras relations, properties, etc.

> We clearly hav become visually clear

» There is a do nothing operation 1g = g = g1

> Generators—relations (the Reidemeister moves)

KB [
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String diagrams — The bait

In diagram algebras relations, properties, etc.

> We clearly hav become visually clear

» There is a do nothing operation 1g = g = gl

1 1
The catch
Diagram algebras are usually “not really” using any planar geometry /

For example, the diagrams for symmetric groups \
are just algebra written differently

AL

> Generators—relations (the Reidemeister moves)

B KR
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String diagrams — The bait

» We clearly hav

In diagram algebras relations, properties, etc.
become visually clear

» There is a do nothing operation 1g = g = gl

1 1
The catch
Diagram algebras are usually “not really” using any planar geometry

For example, the diagrams for symmetric groups
are just algebra written differently

T 7Y 7 I

1 c Y|

» Geng

Idea (Webster ~2012)
Define a diagram algebra that uses the distance in R?

The result is called 'weighted KLRW (wKLRW) algebra
These are “planar-geometrically symmetric group diagram algebras”
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Weighted string diagrams

» Strings come in three types, - ghost and red

i
i
1
1

solid : | , ghost: ' red: ||7

i i
» Strings are labeled, and solid and ghost strings can carry dots
» Red strings 'anchor the diagram

» Otherwise no difference to symmetric group diagrams
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Weighted string diagrams

Az: 7 -3 -2 -1 o0 1 2 3
2
3 e
1y, .
ALY 0 Examples of quivers
4°

Coo: 9 1 2 3 4 5 6
ch. s—e—e—e.

» The strings are labeled by i € | from a fixed quiver I = (/, E)

» The relations depend on e € E, e.g.:

“Reidemeister |l - .
: if i —j

1

1

_ 1

. 1

with error term” R ! +
o J
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| usually never use
Weighted string diagrams the number 7 in a talk ;-)

X = (-2V/3,-V2,0.5,7,5) o | | ||| | |
23 -2 005 m 5

Weighted quiver *——e 0#; O#;
i J ? 7
] ;
wom | A A | A
Jot P it 14 VI p
» Choose endpoints x = (xq, ..., x,) € R" for the solid strings

» Choose a weighting o: E — R of the underlying graph I = (/, E)

» The wKLRW algebra [crucially depends on these choices of endpoints! This is
very different from “usual diagram algebras”
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Weighted string diagrams

X = (-2V/3,-V2,0.5,7,5) o | | ||| | |
23 -2 005 m 5

-1 :
Weighted quiver *——e 0#; O#;
7 J ) 7
; ;
diagram ‘ . ’/ ‘ /”/ ’./ | A’/
j ot p Jj i P j ot P

Weighting = ghost shifts

For e: i — j,0c > 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it
For e: i — j,0c < 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it

» The wKLRThis “asymmetric” definition, always shifting rightwardsjipoints! This is
very differ makes life a bit more convenient but is not essential
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Weighted string diagrams

; k 7 7
1__o; : \
sy .
X = (' .ﬁ\—. kj : \\
C 5
g @ [ k '
Weighted quiver e > o )
J i i
diagram ‘ I ’/ ‘ A’/ il | /”'/
1 ’C '.
i i p ioi o p ioio»p

Weighting = ghost shifts

For e: i — j,0c > 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it
For e: i — j,0c < 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it

» The wKLRW algebra [crucially depends on these choices of endpoints! This is
very different from “usual diagram algebras”
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Weighted string diagrams

; k i i
1. o :
X = (_ .[ 5]-. k . ‘\
Z\,L\ \‘ 5
g @ [ k j
Weighted quiver e "o FEEY
1 1 )
0.75 125 Lo
diagram 6 1 5 ~ L | /”'/
1 ] : o
i i p

Weighting = ghost shifts

For e: i — j,0c > 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it
For e: i — j,0c < 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it

» The wKLRW algebra |crucially depends on these choices of endpoints! This is
very different from “usual diagram algebras”
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Weighted string diagrams

X = (-2V/3,—1/2,0.5,,5) e

The following i and j-strings are not close:

f
1
1
1
1
1
1

ol
R ———

i

Slogan Ghosts prevent the diagrams from being scale-able as for “usual diagram algebras”

» Choose endpoints x = (xg, ..., x,) € R” for the solid strings
» Choose a weighting o: E — R of the underlying graph I = (/, E)
» The wKLRW algebra [crucially depends on these choices of endpoints! This is

very different from “usual diagram algebras”
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Weighted string diagrams

X = (-2v/3,-v/2,0.5,7,5) e | | H | | |

-2V/3 /2 00.5 m 5
For “good choices” of X:
Weighted Semisimple Huge ghost shifts %q
i KLR Tiny ghost shifts J
Quiver Schur Some specific “cluster” spacing i
Diagrammatic Cherednik Ghost shifts 1 /’
diagra Unnamed algebras The rest ‘ ’/
I / I /7 | P I 77
Jjoi P Jj i p i p
» Choose endpoints x = (xg, ..., x,) € R” for the solid strings

» Choose a weighting o: E — R of the underlying graph I = (/, E)

» The wKLRW algebra [crucially depends on these choices of endpoints! This is
very different from “usual diagram algebras”
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Sandwiches

Definition 2A.3. A sandwich cell datum for < is a quadruple (P, (T, B), (#, B,),C), where:
o P =(P,<p) is a poset (the middle poset with sandwich order <p),
o T =Upep T(A) and B = Uyep B(A) are collections of finite sets (the top/bottom sets),
e For A\ € P we have algebras /7, (the sandwiched algebras) and bases By of J4,
e C: [Ixep T(A) x By x B(A) = &;(T,m, B) + ¢},,,,  is an injective map,
such that:
(AC1) Theset By = {c}’m’B [AeP,T €T(N),BeB(\),mée By} is abasis of &/. (We call By a
sandwich cellular basis.)
(ACz) For all z € o/ there exist scalars 1, € K that do not depend on B or on m, such that
(2A.4) xc%—,m,B = Z r?,/cb’n,B (mod &7>7).
UeT(A\neBy
Similarly for right multiplication by .
(AC3) There exists a free o7--bimodule A(X), a free S -47-bimodule V()), and an «/-bimodule
isomorphism
(2A.5) o = 2P|/ PA 2 A(N) @ V(N).
We call @) the cell algebra, and A()) and V(A) left and right cell modules.
The algebra o7 is a sandwich cellular algebra if it has a sandwich cell datum.
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Sandwiches

Strategy (Green ~1950, Brown ~1953, Kénig—Xi ~1999, folklore)

ON THE STRUCTURE OF SEMIGROUPS

By J. A. GREEN

(Received June 1, 1950)
THE SEMISIMPLICITY OF w/*
GENERALIZED MATRIX ALGEBRAS

By WiLriam P. Brown

W. P. BROWN (Received December 6, 1953)
(Revised November 15, 1954)

CELLULAR ALGEBRAS: INFLATIONS AND MORITA
EQUIVALENCES

STEFFEN KONIG axp CHANGCHANG XI

Almost all of the theory of cellular algebras works verbatim with one difference:
All reIevant A glve as many simples as 4 has

"'remmw
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Sandwiches

Definition 2

o P =]

o T =]

e For \

O @Al
such that:

(AC;) The s¢

sand

(ACs) For al

(2A.4)

Simila|
(AC3) There

isomoy
(2A.5)

We ca

The algebra ¢

Analogy

E

i
J=) L=A(N)
Hi1 Hi2 Hiz Hia
Ho My | Hoz | Hou
R=| Ha Hao Has Haa
V() i ¢ H(L,R) = Hss

An ordered poset of matrices

Each matrix has values in the sandwiched algebras

C), where:

n sets),
s

> call By a

h that

/-bimodule
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Sandw

Approximate picture to keep in mind
Def] b:

suck

5D TU U, D

UeT(A\)neBy
Similarly for right multiplication by .
(ACj3) There exists a free &/-74-bimodule A()), a free J#-47/-bimodule V()), and an &/-bimodule
isomorphism
(2A.5) o = AZP 7P 2 AN) @ V(N)-
We call @) the cell algebra, and A(X\) and V(A) left and right cell modules.
The algebra <7 is a sandwich cellular algebra if it has a sandwich cell datum.
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Sandw . . ..
Approximate picture to keep in mind

Def] b:
suck

(A

(A

(2A — S

UeT(ANneBy
Similarly for right multiplication by x.
(A] As free K vector spaces:
(24

KLy 2 KT(A) @k H4 «~ [m] , KRy =4 @ KB(A) o~ [m]

I =KT(N) @k 56 Qx KB(A) e~ |m] , KHy =8 o
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Sandy Example
D9 All algebras are sandwich cellular with P = {e} and 4 = &/
We get the fantastic tautology:

11 ) simples of | | simples asso- | onetoone ) Simples of [ [ simples of
( 4 " | ciated to e He - o
(A

(24

A

(24

Th

The point is to find a good sandwich datum!

5T 3 =L
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Sandwiches

Example

Definition 2A.3. A|Many monoid algebras with the monoid basis|, 5,),0), where:
o P = (P,<p) is a poset (the middle poset with sandwich order <p),
o T =Upep T(A) and B = yep B(A) are collections of finite sets (the top/bottom sets)
e For A\ € P we have algebras /4, (the sandwiched algebras) and bases B) of 4,
o C: [Tep T(A) x By x B(X) = ;(T,m, B) = ¢},  is an injective map,

such that:

(AC1) The set B, = {C%,m,B [XeP,T € T(N),B € B(\),m € By} is abasis of &/. (We call By a

sandwich cellular basis.)

(ACz) For all 2 € &/ there exist scalars 77, € K that do not depend on B or on m, such that
(2A.4) .rc;‘mB = Z ngg‘l}cf\i,n,B (mod &/>7).
UeT (M)neBy
Similarly for right multiplication by .

(AC3) There exists a free &7-74-bimodule A()), a free #4-o/-bimodule V()), and an 7-bimodule
isomorphism

(2A.5) o = AZP 7P 2 AN) @ V(N)-
We call @) the cell algebra, and A(X\) and V(A) left and right cell modules.
The algebra o7 is a sandwich cellular algebra if it has a sandwich cell datum.
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Sandwiches

Definition 2A.3. A

Example

Many monoid algebras with the monoid basis

%" B)\),C)4 where:

e P = (P,<p) is a poset (the middle poset with sandwich order <p),

o T =Urep T(V)

nd R | R()) are collections of finite sets (the

op/bottom sets),

e For \ € P we ha
¢ C: [hep TV
such that:
(ACy) The set B, = {(
sandwich cellu

(ACs) For all z € & th
(2A.4)

Similarly for righ
(ACj3) There exists a fr
isomorphism

(2A.5)
We call o7, the d

The algebra o is a san

Example

Diagram algebras with the diagram basis
e.g. the Brauer algebra

bs B, of 74,
nap,

of @/. (We call By a

on m, such that

, and an ./-bimodule

odules.

1101
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Sandwiches

Definition 2A.3. A

Example

Many monoid algebras with the monoid basis

., By),C), where:

o P =

nd R |

(the

(P, <p) is a poset (the middle poset with sandwich order <p),
R()\) are collections of finite sets

op/bottom sets),

e T =Usep T(N)
e For A\ € P we ha

o C: [Ihep T(N)
such that:
(ACy) The set By = {(
sandwich cellu

(ACy) For all z € & th
(2A.4)

Similarly for righ
(ACj3) There exists a fr

isomorphism
(2A.5)

We call &7, the d
The algebra o is a san

Example

e.g. the Brauer algebra

)

Diagram algebras with the diagram basis

KLR algebras of many types as we will see

\T/

Example

s B) of 74,
1ap,

of @7. (We call By a

on m, such that

, and an ./-bimodule

odules.

1.

wKLRW algebras and crystals

TRE AN S

Or: From path to strings

September 2022

5/7



Let us sandwich wKLRW diagrams!

» Cyclotomic (fin dim) quotients [< bounded regions:

Unsteady; pulls freely , not unsteady; ! stopped by the red string
ip
» Sandwich cellular bases < minimal regions
0 1
1 1
1 1
(1°): : :
1 1
1 1
00 1 2

» More properties | won't explain today due to time restrictions...
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Let us sandwich wKLRW diagrams!

» wKLRW algebras have 'standard bases , with the picture:

w W is a permutation diagram,
with
n |E| is an idempotent with dots.

» wKLRW algebras often have sandwich cellular bases , with the picture:

w is a permutation diagram,

with |E| is an idempotent with dots,

@ is a permutation diagram.

~ [EC

|

[ [

- v—eeo— -
ozege= 1
i Bl
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» Standard bases work regardless of the quiver

Let us sandwich but have no other property despite being a basis

» wKLRW al
W alge » Sandwich cellular bases depend on the quiver

and give a classification of simple modules
am,
» What is sandwiched are

(quotients of) polynomial algebras dots.

» wKLRW algebras often have sandwich cellular bases , with the picture:

v w is a permutation diagram,
ﬂ with \E' is an idempotent with dots,
/ S\
|

@ is a permutation diagram.

iL e M bocled bdlococdboconooconcd poas

' '
............ Alb--4

'
1
1
'
'
'
'
'

0 111 2
1 T

[ i
:f A7 ===~ -f=-==a===========q====
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Let us sandwich

» wKLRW alge

» What is sandwiched are
(quotients of ) polynomial algebras

» Standard bases work regardless of the quiver
but have no other property despite being a basis

» Sandwich cellular bases depend on the quiver
and give a classification of simple modules

am,

dots.

» The overall strategy to construct such bases

is the same for all types

and for the infinite dimensional and the cyclotomic case the construction is also the same

» We know that the cellular bases work in types Az, A

1 2 2
By, €, AQ), D@

other, in particular finite, types are work in progress

e+1

» The combinatorics is inspired by, but different from, constructions of

Bowman ~2017, Ariki—Park ~2012/2013, Ariki-Park—Speyer ~2017

|
1
'
'
'
'
'
>

{ EREEELE EELEE | ==
;( A== il==-7l

=4
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Summary of the before
We know cellularity in these cases (for inf dim and cyclotomic quotients):

Az T =3 =2 -1 0 1 2 3
2
; \‘1
.
Ae 0
4®
Mased g
Cz>u 0 1 2 4 5 6
1 > ° ® - @ ¢
oP 0 1 2 3 e—2e—1 ¢
Beyot g "1 2 3 4 5 6
(2) > ® T JERRIN ?
Az 0 1 2 3 e—2e—-1 e

erl: () 1 2 3 e—2 e—1 e

95% theorem This list can be extended to contain all finite types, Eéz), Fil), Gz(l)

Open Compare our inf dim case for finite types to Kleshchev-Loubert(—Miemietz) ~2013

I Hr kSR L i e
wKLRW algebras and crystals Or: From path to strings September 2022 6/7




Let us sandwich wKLRW diagrams!

1), &—&—e—e—@ -0—0:"—-\—0
Ge 07 1 2 8§ el el

w is a permutation diagram,

H with IE' is an idempotent with dots,

@ is a permutation diagram.

» The definition of the permutation follows the usual strategy in this context:

. [EEE , (R
“[s]e “Is]e
W[ $%8 5
r PBlelel L []2]els]
AE 3|s

» The main meat Let me focus on the middle y71y
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Let us sandwich wKLRW diagrams!

). &e—e——e - 0—0:-’—-\—0
Cals ' 3 e—2e—1

0 1|22|1\

SN

—~

-

N

o

w

N—r
Nlw| v R|o
Wi RO~
N = R
o=l w
o~ w|
Nl w| | -

v

Assume the tableaux combinatorics is given (a better statement later!)

v

Place strings inductively |as far to the right as possible (this is the order!)

v

1 is minimal with respect to placing the strings to the right

v

1, 'stays minimal when dots are put on certain strands ~» get y?1y

» Donel
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Let us sandwich wKLRW diagrams!

(1), &=—0—0—0 - &——=—10
O 1 9 3 e—-2e—-1 e

[al10oTalol1Tal1lolalnolq]

Lets ignore the dots for today — | bothered you with too much combinatorics anyway ;-)
But they come directly from the Reidemeister Il relations, e.g.

b ; . ' < i=0,7=1,
= s 4+ ! " f = - ¢ for either of L J )
R, ' . E . t=¢e,j=e—1,

J ot 3 2 B Jj ot

+
:’ g

This gives us the notion of the rightmost parking slot where stings are blocked

In other words: 'Stare at Reidemeister |l !

> Place strings inductively 'as far to the right as possible (this is the order!)
» 1, is minimal with respect to placing the strings to the right
» 1, stays minimal when dots are put on certain strands ~~ get ya1y

» Done!
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Let us sandwich wKLRW diagrams!

C(l) : Example for the middles y°1, b:(:.

,.\
m—mm-———— GO

Gk

Yaslas) = |“
00

31 2 2
G- (12 0 3 1
Yo le) = + ¢
00 31 29
N
> Assume the { ¥Yeilew = H| ‘ H: :‘:+ nent later!)
» Place strings 00 s : s is the order!)
0 13 1
» 1, is minim v B = |“ H +: “ + tht
» 1, stays min 0 13 1 i get ya1y
» Done!
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Let us sandwich wKLRW diagrams!

The (conjectural) picture for a lot of types

*—)—0—<—0
Cg:

1’ 2 3
[A] =3 (oA 4 Ag] =23 (= + Ayl —3 [As — Ayl —25 [A, = Al —3 [<A,]
1 1 31 131
H Sl § 2 Hi 11
1A, 1A, 2 31/\1 2 31A,22 131/\122

Checked for finite types (currently work in progress)

We are now looking for an 'abstract property on the crystal
that ensures that everything works

» 1, stays minimal when dots are put on certain strands ~~ get ya1y

» Done!
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Let

v

v

v

us sand{The (conjectural) picture for all types — second example

Assume

Place st
1 is m

1,  stay

Done!

() By
Ll 2 3
[—A1 + Ao
2
[—As + 2A4]
3

[2Az2— Ag,—3As+ Ag]  ~»

3
[Az — 2A4]
{ 2
[A1— A
1
[-A(] |

1
Plnrrll-stnng

1
| I
11

I'l«\m'll—%nng
1

2
LI
o
d

I 2
1 2
ik k
Pl
13 2 3
1 2
I
bl
Pl
B 2 33

Plac (»l2,~(,1x,H

1 22
|| :”.
vl
vooalh
219 33

2
r’lnr(*ll—stn‘ng
22

11
TR
[ I R 1 1}
1 R 1 1}

11 22 33

later!)

he order!)

aj,
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Let us sandwich wKLRW diagrams!

Wrap up
» WKLRW algebras generalize KLR algebras and friends
» They have a build in distance
» Most properties can be described using distance
» Most properties are type-independent

» Some properties are (in some form) type-independent

» Our dim calculations for the sandwich cellular basis match with the formulas of
Hu-Shi ~2021 in the special cyclotomic KLR case

» 1, is minimal with respect to placing the strings to the right
» 1, stays minimal when dots are put on certain strands ~~ get ya1y

» Done!
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What? Why? Hou?

What? Why? Hou?

=
g

208
) KLR g v 3 he et o atgoncal epeesanttion hery

- [BRHRR] Thee e sctuly resly compiated!
1G] Ty o find e ("elr) bass fo them

Weighted sring disgroms

7 v

- S come e s [, 9 r 0

||

- Strings e lbelo, nd sld and ghost sins cancary dots
> R seings (BRG] the ciagram.

> Otherwise o diflrence o symmetric group diagrams

Aoprsinate picrs 1o sop i mind

K .
. s

0B ot

I8\ _ yi

There is still much to do...

wKLRW algebras and crystals

2 Santuich cluty

T,

3 Bt s o

[ athough [ )
Weigh =

— '

For =4 > .l ok g gt hos i o] unis and iicking
i i S

- The WKLRW g [GRUGRINJBRRERGR on these chices of endpais This =
vy difernt from “usus disgram sgabra

Let us sanduich wKLRW digrams!

[ R e B T o]

L g

Checkod o it yp curonty ok peges)

We s o lcking o on R HERATEERESAE

T JEBRRRRY when dots v put on certain srands — gt Y71
> [Bonel

Or: From path to strings

Exch i b S Sl W

Letus
M oy ety !
co Ty
A [
o M ]
P ]
> Acaume| " niE faer
» Prsce s e rdet)
> 1, ma ni i
BN | 1a
A [
> [Bonel

September 2022

7/7



What? Why? Hou?

What? Why? Hou?

. 208
) KLR g v 3 he et o atgoncal epeesanttion hery

- [BRHRR] Thee e sctuly resly compiated!

1G] Ty o find e ("elr) bass fo them

Weighted sring disgroms

7 v
N

- S come e s [, 9 r 0

||

- Strings e lbelo, nd sld and ghost sins cancary dots
> R seings (BRG] the ciagram.

> Otherwise o diflrence o symmetric group diagrams

Aoprsinate picrs 1o sop i mind

wKLRW algebras and crystals

@

W@z; &

2 Santuich cluty

‘ , o

e s o ‘ —

L~ - e

e = = 5
—_——

e .

P
e e
Iy B - e

Let us sanduich wKLRW digrams!

[ R e B T o]

0 -

Checkod o it yp curonty ok peges)

We s o lcking o on R HERATEERESAE

T JEBRRRRY when dots v put on certain srands — gt Y71
> [Bonel

Thanks for your attention!

Or: From path to strings

Letus
M oy ety !
co Ty
A [
o M ]
P ]
> Acaume| . Yy faer
» Prsce s e rdet)
> 1, ni i
BN 1a
A [
> [Bonel

September 2022

7/7



	Background
	String diagrams
	Weigthed KLRW diagrams
	Sandwich cellular
	Sandwich cellular bases
	Final slide

