
What is...tropical geometry - part 4?

Or: Tropical matrices



Shortest path problems

▶ Problem Find the shortest paths in a directed weighted (“distance”) graph

▶ Application Find directions between physical locations, e.g. driving directions

▶ Fun fact Solving this is problem was a motivation of the tropicals



Matrix multiplication

▶ Above How to multiply matrices

▶ Formula cij = ai1b1j + ... + ainbnj

▶ Observation There are only sums and multiplications



Tropical matrix multiplication

▶ “Tropicalization” = replace + by min and · by +

▶ Tropical formula cij = min{ai1 + b1j , ..., ain + bnj}

▶ Observation This satisfies “all” properties of usual matrix multiplication



For completeness: A formal statement

Tropical matrix addition and multiplication is exemplified by
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▶ All the standard operation not involving − work verbatim tropically

▶ Complexity is O(n3)ish, and that might be optimal

Usual matrix multiplication can be made faster; above ω for O(nω)



Back to shortest paths

▶ Step 1 Form a tropical adjacency matrix A with ∞ if there is no edge

▶ Step 2 Take the tropical power A⊗n−1; n = number of vertices

▶ Harvest Length of shortest path from i to j is the ij entry of A⊗n−1



Thank you for your attention!

I hope that was of some help.


