Or: Minimal intersections



The same intersection set in two different ways

— YS-yi-2Y2-1=0

— X-Y*+Y2+1=0

Question. How can we ' algebraically see that the intersections match?

(X2 Y2 X3 Y2 1) 2 (YO -V —2Y2 -1, X — Y*+ Y2+ 1)



llike X > Y > Z

Lexicographical ordering:
—y\y375 21/6 4 25 4 3 3 2
F=XY22+ XY+ XYZ+ Y2+ Y2+ Y + 22+ XY+ XZ+ 27+ Z

= X* (v2)
+HXE(Y°)
Y3 (2°)
HXE [+ v (1)
+Y°(2)
Y2 (1)
+Y2(2°)
LB + Y (z9
Z3(1)
+HYO [ +H2Z2 (1)




Buchberger’s algorithm

Data: Ideal H = (hy, ..., hs)

Result: Grobner basis G = (g, ..., 8t)

init G =H, G' =0,

while G # G’ do

G' = G;

for p,ge G', p# g do
s = red(S(p, q), G');
if s # 0 then

| G=GuU{s}

end

end

end

» LT(p) = leading terms with respect to < | My fixed ordering (important!)

» lcm = least common multiple

> S(p,q) = lcm(L'Il:_(r;zL,)LT(q))p _ 1cm(LZ_(r;Z)q,)LT(q))

» red(S(p,q), G') reduce S(p, g) mod G’




Enter, the theorem

A generating set G = (g1, ..., &) of an ideal / is a Grobner basis if:
for any p € I'\ {0} there exists g; such that LT(g;)|p

G is reduced if the coefficients of LT(g;) is 1 and no monomial of the g; is in the
ideal generated by LT (gj) for i # j

(a) Buchberger's algorithm constructs a Grobner basis | Existence

(b) Reduced Grobner bases characterize ideals Uniqueness

Grobner theory is widely 'applicable :
» Applications in computer sciences
» Applications in graph theory
» Applications in theorem proving

> ...



Reduce the complexity!

GroebnerBasis[{X*2+VYA3-1, X-YA2-X=*Y}, {X, Y}
(F1+2Y-Y?+ Y3 =Y 4 Y?, c14X+Y-YV2-YY}
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F —_—X?+Y3-1=0 —_—Yi-YtrYi-y2i2Y-1=0

2 S e X Y+X-Y2=00 -2 -1 \’ — X-Y*-Y2ry-1=0
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X2+Y3i-1=0 Y Y44 Y3 - ¥Y?242Y —1=0[Onlyin Y
XY +X-Y?=0 X —Y*—Y?24+Y —1=0 Trivial for fixed Y

Grobner theory can reduce the complexity by a lot



| hope that was of some help.



