
What is...Nagata’s theorem?

Or: Ill-behaved invariants



Invariant theory

▶ Invariant = something that remains unchanged

▶ Example The total energy of a system is invariant when the system evolves in time

▶ Invariant theory = the study of invariants of group symmetries on vector spaces



The determinant

▶ SL2(C) acts on 2-by-2 matrices by left multiplication

▶ The determinant det is an invariant under this action

▶ Theorem The ring of invariants is a polynomial ring in det



Hilbert’s fourteenth problem

▶ In 1900 Hilbert gave very influential 23 problems for the 20th century

▶ One of them is:

G ⊂ GLN(C) acts on V = C{x1, ..., xn}, is C[x1, ..., xn]G finitely generated?

▶ Example G = S2 ⊂ GLN(C), then C[x1, x2]G = C[x1 + x2, x1x2]



Enter, the theorem

Hilbert’s fourteenth problem is wrong

▶ Zariski showed ∼1956 that there are no counterexamples with ≤ 2 variables

▶ Nagata found the first counterexample in ∼1958 with ≥ 32 variables

▶ The minimal number of variables for which Hilbert’s fourteenth problem is
wrong depends on the precise question (there are several not quite equivalent
formulations of Hilbert’s fourteenth problem)



Points on plane curves

▶ Lemma For any m there is no curve of degree 4m which goes through 16

generic points with multiplicity at least m

▶ This is the key to Nagata’s counterexample

▶ Turns out that the method is more important than the counterexample itself



Thank you for your attention!

I hope that was of some help.


