
What is...the Gelfond–Schneider?

Or: Logarithms and transcendence



Transcendental numbers = beyond polynomial

▶ Roots of polynomials in Q[x ] are called algebraic

▶ Transcendental number = not algebraic (e.g. 2
√
2 above is transcendental)

▶ Proving that a number is transcendental is a classical and difficult problem

▶ Almost all numbers are transcendental, but proving that a specific one is
transcendental is the real meat



Hilbert’s seventh problem

,

Are the following

transcendental?

2
√
2

eπ = (−1)−i

log 2/ log 3

▶ In 1900 Hilbert gave very influential 23 problems for the 20th century

▶ One of them is:

For a, b algebraic, b irrational, is ab transcendental?

Equivalently,

For a, b nonzero algebraic, log a/ log b is either rational or transcendental?



Logarithms generate transcendental numbers

▶ Idea logp a for a ∈ Z>1, p prime should be transcendental if and only if a = pk

▶ Examples

log2 2 = 1

log2 3 ≈ 1.584962501

log2 4 = 2

log2 5 ≈ 2.321928095

log2 6 ≈ 2.584962501



Enter, the theorem

Hilbert’s seventh problem is true

▶ Transcendence of many numbers remains open :



The Lindemann–Weierstrass theorem

▶ Transcendental number generator:

F (non silly algebraic) = transcendental

▶ The ex and the natural logarithm is also a transcendental number generators

▶ This was known much earlier (∼1885) and shows e.g.:

e = e1 is transcendental

π is transcendental since eπi = −1 is not



Thank you for your attention!

I hope that was of some help.


