Or: Number 90 is it!



Zahlbericht

Die Theorie

The

der Th
algebraischen Zahlkorper. ofAIgebraicry
Number
1897 Fields
Bericht,
erstattet der Deutschen Mathematiker-Vereinigung
von
David Hilbert.
Satz 90. Jede ganze oder gebrochene Zahl A in K, deren Relativ-
norm in Bezug auf & gleich 1 ist, wird die symbolische (1— S)is Poten: @ Springer

ciner gewissen ganzen Zabl B des Korpers K.

» In the famous ' Zahlbericht (= report on numbers) Hilbert summarized
algebraic number theory, and enriching and organizing the subject in ways that
were to influence developments for decades

» The theorem we will see is number 90 in Hilbert's Zahlbericht



Pythagorean triples (PT)
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» PT = integer with a®> + b?> = ¢? = rational points (x, y) on the unit circle
» Solution Im, n € Z such that (x,y) = (m? — n?,2mn)/(m? + n?)

» Question Where do the solutions come from?



Functional equations (FE)

Functional equations of the form Possible Functions
f(xy):f(x)+f(y);x,y>0 f(x):K»logax
F(x)=f(x)- f(»): x.yer f(x)=x"

f(x)=x-f(y)+y f(x):ix.yer™ f(x)=xlogx
= 7M #0; # x)=x"

(22 s0rt)m0 | )

fx+y)=f(x)+1(y) f(x)=£(1)-x
J(+9)=1()- /() J=[rO]
0 1(H=r@es(t) | s@mrer

» Functional equations are everywhere but often difficult
» The function equation
F(X)f(¢x)...F(¢"1x) = 1 for ¢ = exp(27i/n)
has nice solutions of the form

f(x) =

g(x)
g(¢x)

» Question Where do the solutions come from?

for g € C(x)



Enter, the theorem

Consider the following
(i) E/F a finite cyclic field extension

(i) o a generator of Gal(E/F) of order n
(ii) « € E of relative norm 1, i.e. ao(a)...c" Ha) =1

Then we can express « rationally:

a=p/o(B) for B € E

> - Take Q(7)/Q, 0 = complex conjugation

» FE example Take C(x)/C(x"), o(x) = (x



Generalized PT

0.5

x2+5y2 —1: o°of

» One can also find solutions to the ellipse equation _
> This follows by using @(v/=D)/Q in Hilbert's Satz 90|

» The - are then of the form (x,y) = (m? — Dn?,2mn)/(m? + Dn?)



| hope that was of some help.



