
What is...analytic number theory?

Or: Subfields of mathematics 4



The art of not counting primes I

▶ Prime number function π(n) = # primes ≤ n

▶ Counting primes is very tricky as primes “pop up randomly”

▶ Question 1 What is the leading growth (of the number of primes)?

▶ Answer 1 There are roughly c(n) · n for sublinear correction term c(n)



The art of not counting primes II

▶ Asymptotically equal f ∼ g if limn→∞ f (n)/g(n) → 1

▶ Logarithmic integral Li(x) =
∫ x

2
1/ ln(t)dt

▶ Question 2 What is the growth (of the number of primes) asymptotically?

▶ Answer 2 We have π(n) ∼ n/ log(n) ∼ Li(n)



The art of not counting primes III

▶ Asymptotically equal does not imply that the difference is good

▶ |f (n)− g(n)| is a measurement of how good the approximation is

▶ Question 3 What is variance from the expected value (Li(n))?

▶ Conjectural answer 3 We have |π(n)− Li(n)| ∈ O(n1/2 log n) or

|π(n)− Li(n)| ≤ 1
8πn

1/2 log n (for n ≥ 2657)



Enter, the theorem

For a and d coprime there are ∞ many primes of the form a + nd

▶ Dirichlet’s theorem on arithmetic progressions was (one of the first) discrete

problems solved using analytic methods

▶ Analytic number theory helps to answer and answers similar questions!



Enter, analysis

▶ Dirichlet’s proof uses so-called L-functions

▶ Example (above) The Riemann zeta function is an L-function

▶ Key in the proof : Dirichlet’s L-function (of a nontrivial character) at 1 is

nonzero – this uses analysis



Thank you for your attention!

I hope that was of some help.


