
What is...the Poincaré conjecture?

Or: Spheres will be spheres



Analysis situs

▶ Topology started long time ago e.g. Euler, Gauss, Riemann...

▶ The “real kick off” was Poincarés paper Analysis situs

▶ In this work Poincaré created “essentially all traditional notions” of topology



Poincaré’s big “conjecture”

▶ A closed 3 mfd with trivial fundamental group is homeomorphic to S3

▶ In the beginning, there was no conjecture as “this is obvious”

▶ Later it was stated with trivial homology but we have already seen Poincaré
spheres; then it took the form above but formulated as a question



Progress is always slow...

▶ The existence of homology spheres shows that 3d are more complicated than
2d (Poincaré’s conjecture is well-known for 2d)

▶ Turns out that it is even much more complicated

▶ Perelman published a proof outline in 2002–2003, a hundred years after the
conjecture was made



For completeness: A formal statement

Generalized Poincaré conjecture

Every homotopy n sphere is isomorphic to Sn where e.g.:

▷ Isomorphic could means as topological manifolds

▷ Isomorphic could means as smooth manifolds

▶ For n ≤ 2 this is well-known

▶ This was proven by Smale for n > 3 (topological)

We discuss the proof in a later video

▶ The topological version for n = 3 was proven by Hamilton–Perelman



The smooth case is different

▶ The e.g. n = 7 case of the smooth Poincaré conjecture is wrong

▶ n = 4 case of the smooth Poincaré conjecture is widely open



Thank you for your attention!

I hope that was of some help.


