Or: Potts to TL



The Potts partition function

The Potts partition function

1. Spins on vertices 2. Edge reward 3. Partition function
same spin
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Y. Sum over all spin assignments.
@ Each edge contributes a reward P ifthe spins agree, and 1 otherwise.

» Spins Put o, € {1,..., Q} at each vertex v

» Edges Reward agreement by 1 + td,, o,

> - Z=3%  Il.ee(1+tds,0,) (the famous partition function)



First rewrite: clusters

From spins to clusters (FK representation)

1. Start with a spin assignment 2. Keep edges with equal spins 3. Connected components are clusters
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Vertices carry spins Keep edge uv if o(u) = o(v); Each connected component
in {1,...,Q} (colors here) delete otherwise. is a cluster.

'
Y. Keyidea: Only edges between equal spins stay.
~  Clusters (connected components) encode the spin configuration.

» Expand Choose the té term on a subset A C E

» Clusters Equalities along A make connected components monochromatic

> - Z6(Q:t) = Lace QKW



Second rewrite: loops

Cluster picture and its weight

o Clusters from FK representation e Cluster picture (connectivity across the cut)
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:@1 Edges within clusters don’t matter anymore. Weight of a cluster picture P =
Only how clusters connect the two sides is recorded.
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cluster pictures P #
one factor Q one factor (ef —1)
+ P: acluster picture (connectivity across the cut) for each cluster for each occupied edge
« k(P): number of clusters (connected components) in P

« |B(P)]: number of occupied edges in P

» Planar Draw boundaries between clusters and their complement

» Weight After a standard normalization, each loop gets d with d? = Q

> - A loop picture L contributes x!H (b



Where TL is hiding

The generators of T'L5 (6) are:
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From left to right, the unit 1 and the generators

» Slice Cut the lattice into strips; each strip updates boundary connectivities
» Generator A local connection is the TL generator ¢;

» Relation Closing a little loop gives €2 = d ¢



What the example teaches

» Potts Colored spins are rewritten as subsets A C E = diagrams
» TL is “exactly” the algebra of stacking these local loop updates

» Well Actually the “correct” algebra is the partition algebra, but anyway



| hope that was of some help.



