
What are...adjoint functors?

Or: Life is not invertible



Ceiling and floor

,

I The inclusion ι : Z→ R is not invertible and Z 6∼= R
I There is no invertible way to assign an integer to a real number

I Ceiling and floor serve as approximations of inverses



Pseudo inverses

I Equality = is the “wrong” notion in category theory

I Equivalence ∼= is much better but still involves objects

I Idea Weaken the condition ∼= by ignoring objects



We only care about arrows!

I Every matrix A : Rm → Rn has an adjoint = transpose matrix Â = AT with

〈Ax , y〉Rm = 〈x ,AT y〉Rn

I That sound like what we want!

homD(FX ,Y ) 3 f 7→ f̂ ∈ homC (X ,GY ) homD(FX ,Y ) 3 ĝ ← [ g ∈ homC (X ,GY )



For completeness: A formal definition

Two functors (F ,G ) = (F : C → D,G : D → C ) for an adjoint pair if:

I There exists a nat trafo α : homD(F , )⇒ homC ( ,G ) (part of the data)

I For all X ,Y there are isomorphism

αX ,Y : homD(FX ,Y )
∼=−→ homC (X ,GY )

In this case F is the left adjoint of G , and G is the right adjoint of F

I A functor might not have left/right adjoints

I If they exist, then they are unique up to unique isomorphism



Back to ceiling and floor

,

I Take R with x → y if x ≤ y , Z ⊂ R, ι : Z→ R inclusion

I Adjoint functors (d e, ι) and (ι, b c)

dye ≤ x ⇔ y ≤ x x ≤ byc ⇔ x ≤ y x ∈ Z, y ∈ R



Thank you for your attention!

I hope that was of some help.


