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Homology is a functor : its knows more than spaces, it also knows maps between spaces!

An honest module homology H,
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X Graded dimensions | Hilbert-Poincaré polynomial P £&—
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An honest map homology H, — X&.
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Lefschetz number A(f), f: X — X (evervthing appropriately finite) is

A = YD) = S D)
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B is coboundary (image of map) Z ) Z C )(j

C is cocycles (kernel of map) %
H is cohomology (quotient of cocycles and coboundary) -
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[ Cis cycles (kernel of map)
H is homology (quotient of cycles and boundary)

Homology goes down

[0,1,2,3] = [0,1,2] + [0,1,3] +[0,2,3] + [1,2, 3]

[0,1,2] — [0,1] + [0,2] + [1, 2]

[0,1] = [0] + [1]
[—— Y —

homol .
> tetrahedron ———2% sum of triangles '3 — 2

omolo h— 7
» triangle ﬂ> sum of lines 2 — 1 [0} 4/ 02( JJ—LQ,—MQ##

> line 2% gm of points '1 — 0 ; 1
¢ /

(Here with Z /27 coefficients so no need to worry about orientations.) !

Cohomology goes up

(0,1,2] »[0,1,2,3]
——

[0,1] — [0,1,2] + [0,1,3]
e

[0] — [0,1] +[0,2] +[0,3]

cohomology

» triangle ———— sum of tetrahedrons |2 — 3

. cohomolo, .
> line 220, cum of triangles (1 — 2

. cohomolo, .
> point —%, sum of lines |0 — 1

(Here with Z /27 coefficients so no need to worry about orientations.)




(%)
Let X be any topological space —) CV\ C V\()‘\

» The nth singular .chain group is — W (C.,\ !

‘M —
C" = C"(X) = Z{singular n-cosimplices} = hom(Z{o,: A" — X}, Z) /r
» The nth singular .chain map is M e
o " 7Y = (90" 7

» The ith singulér .homology is

H" = H"(X) = ker(9")/im(0"=") Homology has im(d,;)
e

R

» Singular cohomology is a homotopy/homeomorphism invariant _

~—
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Linear forms instead of vectors
» Note that o, \ % ¥ 0%
C" =hom(C,,Z), 0" =(0n)" L go ‘9) = % 6 6
—————————
» This is the same idea of defining dual vectors as linear forms
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Transpose vectors

Simplicial and cellular cohomology also exists
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The difference between “first dual then homology” “first homology then dual” is measured by an exact sequence:
The universal coefficient theorem (UCT) for cohomology for all X and PID R:

0 — Ext(Hy_1(X),R) = H*(X,R) — hom (H(X),R) — 0

is a split (non-naturally) short exact sequence \ —

» Thus, in general
H*(X) = hom (Hk(X), Z) @ Ext(Hy—1(X),Z)

» Ext vanishes over Q and hom (Hk (X),Q) = Hy(X,Q) if finite, which implies

Qk(x Q) = H*( XB
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A cohomology theory H* satisfying the dimension axiom is a contravariant functor H*: Top? — Zmod from pairs of
topological spaces to Z-modules together with nat. trafos 0 = 9"(X, A): H*(A) = H*(A,0) — H" (X, A) satisfying:

» Homotopic maps induce the same map in cohomology Homotopy invariance

» If (X, A) is a pair and U C A such that its closure is contained in the interior of A, then the inclusion
v (X\UA\U) = (X,A)

induces an isomorphism in cohomology Excision
» Each (X, A) induces a long exact sequence
(oo HA) S arx,A) Do) S H(4) - 3

via the inclusions i: A — X and j: X — (X, A) ‘EBcactnws

» Direct products [], H*(X;) correspond to disjoint unions [[; X;: they are isomorphic by the inclusions (z;)*

[T
» H"(point) = 0 for all n > 0, and H°(point) = Z _
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