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» A ﬂ dimensional hole dim Hy is a connected component

» A one dimensional hole dim H; is the number of necklaces you can put it on

» A - dimensional hole dim H, is the number of plugs needed to inflate it
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> Chalns = linear combination of edges _

‘ linear combination of edges in a triangulation going around a circle

Holes = make them potentially interesting

» Boundary = linear combination of edges in a triangulation around a filled
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mod boundary

al+a2+a3+a4
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b Take im(s,) [BoURGERE ;

Let X be a reasonable space

» Let C;(X) be the vector space K" where n =number of i-cells m

> 0i: Ci(X) — Ci—1(X) sending an i-cell to its boundary

» Take ker(d;) Cycles x

» One checks that im(d;41) C ker(d;) o

The the ith homology H;(X) of X is the abelian-gretp~ (x ‘-’(/{
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» A 0 dimensional  triangle is a point

» A 1 dimensional triangle is a line

» A 2 dimensional  triangle is a solid triangle

» A 3 dimensional triangle is a solid tetrahedron

» An n dimensional 'triangle is called an n simplex

An n simplex for vy, ..., v, is smallest convex set in R"*! containing vy, ..., v, that
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do not lie in a hyperplane of dimension less than n

[ L/'[V ’j/‘ [:\/

v
e A @ o]

If we delete one of the n+ 1 vertices of an n simplex, then the remaining n vertices

span an (n — 1) simplex, called a face 3d terminology
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f\ Let X be any topological space
» The nth singular chain group i

Cn = Gy Z{smgular n-simplices} = Z{o,: A" — X}
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» The nth singular chain map is
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» The jth singular homology is
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simplicial

complex

CO — Q{Ej? [1]7 [2]? [3]}
€1 = Qi[0.1),[0.2], [0.3], [1,2] [2, 3]}
G=0f[0,12}

» We start by counting:
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» Set C; = Q€ with basis being vertices, edges and faces ( J , s ]
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We get a chain/zo/mplex, the simp_licia/clmplex:
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ake its homology “cycles modulo boundaries”
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— Let X be a cell complex

» The nth cellular chain group is ;
/\/

Cp = Co(X) = Z{n-cells} = Z{e' | i runs over all n-cells}

» The nth cellular chain map is i@

dn: Co — Ch_1, dp(0) is given by the attaching map

» The ith cellular homology is Z > R
H, = H,(X) = ker(6,)/im(6,11) A r—— 1
Cellular ho \'H'H‘:‘Hﬂj is a ho motopy, h dDmMeomorp hism invariant
Singular homoIogy(:simpIiciaI homoIogy):ceIIuIar homology for any reasonable X
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—— » Given a cell structure we count:

Co = FFvertices = 2 ¢; = #edges = 4 g

» Set C; = Q¢, with basis being vertices, edges and faces
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» We construct |attaching matrices (after fixing ordered bases):

e .. (1 0 -10
)7 01: Q —>Q«,517(71 0 1 0)

» We have vector spaces C; = Q% and matrices J;
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» We construct - matrices (after fixing ordered bases):

L
24(0 0 2, €, €%¢,
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» We have vector spaces C; = QS and matrices 9;
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We get a chain complex:
09 4
<0 0> ( 1 0-1 0)
0 —-10 10 0
0 > C2 11 > C1 > Co > 0
kernel 0, - - rank 1 kernel 3 , - - rank 0
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Take its homology ‘“kernel minus rank”
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» The homology over Q in this case is Hy = Q, H; _%Q H, =0

0 0 s Q @% y Q3 <‘1)—01_11)

kernel 0, - S - rank 1 /=—> kernel 1 ,
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» The homology over Z in this case is Hy = Z, Hy = Z/3Z, H, = 0
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b H, (X, @)= H K, R) = H_(x, )
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An arbltrary map f: X — Y induces group homomorphisms f; : Cp,(X) — C,(Y'), determined

by fi(o

= fofor each singular n-simplex o : A" — X.
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= Cp1(X) —= Cp(X) —— Cppy (X) —— -+

On+2 On+1 On On-1
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H,(X) — H,(Y), for each n € N,
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Homology is a functor H,,: Top — /ZM od
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[» Singular homology %X) is a graded Z-module 'homotopy invariant H ( ) = 6@33; (Q 2 & @
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N g If dimg(Hi(X) ®z Q) is finite Vi, then we get a ‘homotopy invariant
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R
&_ge\nera this is a formal power series, not a polynomial

» For X with finite P(X)(t) we get a "homotopy invariant

P(X)(t Z dimg (H;(X) ®z Q)

x(X) = P(X)(-1)

For X being a finite cell complex this agrees with the “alternating- sum@ \> F‘X )(JL\
— efinition of x o
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» H, distinguishes S! from K
H(SH~ZoZ H(K)=Zo (Z
P = — —

N
» P does not distinguish S from K /

P(S))=P(K)=1+t
=

» x does not distinguish St from K

S~

X(8Y) = x(K) =0




