> !)f a manifold is a consistent choice of a coordinate system per point

» There are non-orientable manifolds
J"”N

» What can homology - orientability?

An orientation of R™ is a choice of a left- or right-handed coordinate system: A positive orientation is a basis that
comes from bases change from the standard basis via a matrix of positive determinant; a negative orientation are
those having a negative change-of-basis determinant.

Left-hand rule for negatively charged particles Right-hand rule for positively charged particles

/-
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Fle él_,k//?) bops,

AL (A) = *1

An orientation of a smooth manifold M is a continuous choice of an orientation of the tangent space T, M.




An orientation of a surface S is a choice of normal vector per point that continuously varies over S.

Finish B

Start A Finish A

Reflection glong y-axis

Rotatio

Finish A SN —"N— Start B Finish B Start B >
> An orientation should{be |preserved under rotation and translation and scaling /
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Ho i M /Vl\ix?)

=~ H, / R™ wlx )f )
» By local triviality of an n-mayifold M one gets e A '
> H(R",R"\ {x}) = H,_1(S"}) = Z &= Hh,,‘ {f ) =~ Z

» Rotations/reflections give maps fron( H,,_1(S"‘f !)o itself, satisfying i 4
Rotation,(+1) = +1  Reflection, (1) = F1 . Z —_—




where v, : (M, M\ U) — (M, M\ {y}) is the inclusion

» If an orientation exists for M, then M is called |orientable

o I hoers Lt

Let M be an n-manifold

» A local orientation at x € M is a choice a, = £1 € H,(M, M\ {x}) = Z ﬁ:\
» A (global) orientation is a consistent choice of ay for all x, meaning: \‘/ S

2 \
Vx € M 3 open U = D" C R" containing x such that A 4
Jay = £1 € Ha(M, M\ U) = Z with ) k L’ \
vy

€ Uz (ty)u: Ho(M, M\ U) = Ho(M, M\ {y}), ay— o, /i \ \\
~__

_—
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bk (M m15) = H AR R fx7) > 2)

=

>

>

The second point should be read as “Every x has a neighborhood in which the
orientation is rotated or is translated or scaled but not reflected o

Compatibility condition formulated homologically

The same definition works for homology with coefficients in an arbitrary PID

R R

b (M M-Ty Brsa)= .= Z/fom
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Theorem If M is a [closed)connected@manifold, then

— H. (M) = ij M is orientable
5 10 if M is not orientable

——
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H.(torus) 2 Z @ tZ%* & t*Z
_—

, RP>
=2 Lo & et
Vi 0
.2 5 s
Rz oo\ &> 7 =2
p(RPT)ZO

H.(Klein bottle) = Z @ t(Z & Z/27) & | %0

diverfiscotnbinata claflibus: Ma:

¥~ * res, Cubus & Dodecaédron ex

™. primarijs; foeminz, Octoédron
~ &lcofiedron ex fecuridarijsiqu
“ : T N ———




» The dual of a [tetrahedron is a tetrahedron

» The dual of a cube is a octahedron

» The dual of a 'dodecahedron is a 'icosahedron

What does this mean?

The dual G* of a plane graph G, is obtained by 'reversing dimensions :

» G* has a vertex for each face of G,
» G* has an edge for each edge of G,; connecting adjacent faces

» G™* has a face for each vertex of G,

» Similarly, for any cell complex X, one can define a dual cell complex X*

Do

4

——— » We have x(Xi)= £x(X*) since —
DD @D @

= T~

g
> DS

If M is an orientable closed n-manifold, then for 0 < k < n:

n &> 0O
n-1 &> 1

» Here —~ is the pa
T Hk(M)XH/(M) — Hk_/(M),O' — gb = (b(O'|[V0, ceny V/])O'|[V/, ceny Vk]

» There are many generalization, e.g. relaxing “orientable” or “closed”



Cmd e Ho(m) poodomatl
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———  This implies that the Hilbert—Poincaré polynomial of M is palindromic :

O ™
- 7/P<Q>1@t2m1\2_t/t2
t

~ The universal coefficient theorem (UCT) for cohomology for all X and PID R:

0 H¥(X, R) — hom (Hk(X),R) — 0

— is a split (non-naturally) short exact sequence B

» Thus, in general

H¥(X) = hom (Hk(X), Z) & Ext(Hk-1(X),Z)

» Ext vanishes over Q and hom (Hi(X), Q) = H(X, Q) if finite, which implies

H(M, Q) = H(M, Q)

» Paste this together with 'Poincaré duality :

H (M, Q) = H*(M, Q)& H,_+(M, Q)

H.(Klein bottle) = %\ @ (t(z @ Z/27))d [£20
ST T
+
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Let X be a closed oriented(smooth }nanifold of dimension n. Let A and B be oriented smooth submanifolds of X of
dimensions n — 7 and n — j respectively. Assume that A and B intersect transversely.

The images of A, B and AN B under the inclusions into X define homology classes [4], [B],[A N B]. We denote
their Poincaré duals by [A]*, [B]*, [A N B]*. We now have:

Theorem. Cup product is Poincaré dual to intersection:
[A]" — [B]" = [AN BJ".

Catch. Not all X are closed orientec(smoot}bmanifold.

Catch. Not all generators of cohomology arise from submanifolds (although counterexamples are somewhat hard
to come by).

—




A sphere S? embedded in R3 'divides R3 into an inside and an outside W

@Ily R3\ ¢(S?) is has two connected components for any ¢: @

o>
A sphere S? embedded in R3 'divides R3 into an inside and an outside. Really? m < 2

/A
The more one thinks about it, the less clear it becomes! / (‘\AV)

» We can replace R® with S ' Stereographic Projection
——— » The number of connected component of 53\ 1(5?) is dim Ho (53 \ ¢(5?))

— » Hence, reduced homology should satisfy

dim Ho (52 \ L(Sz),@) =1

» So we need to compute dim Hy (53*\ L(SZ),Q)

—




If ) C K C S"is a compact and locally contractible, then

F(S"\ K) @ Alernrile. M%

(:This only depends on intrinsic properties of K)b‘)

_ n—1\ ~ ¢n—1 A~
» For K=(S =~ S"1 one gets H C‘g_h\g‘/.vﬂ),::
- . )] S
H0(5n \ Snfl) anl(snfl) ~7

p—

» Thus, we get
m@) h -

» This is a consequence of
Hi(M, M\ K) =5 H™i(K) oo Mxﬁb

where M is closed orientable n-manifold and where K C M is compact and
locally contractible

I

ke

» A knot K is an embedding S < S3 ~ thickened into a torus K = T |A rope /\
» One gets

Ai(S"\ K) = Ar=i=Y(K) = A"~i-Y(T)

o S \

» This does not depend on the embedding, so |can not distinguish knots \/
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