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The Temperley—Lieb (TL) calculus is everywhere

Throughout

Please convince yourself that | haven’t messed up
while picking my quotations from my stolen material
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The Temperley—Lieb (TL) calculus is everywhere

The TL calculus was discovered several times, e.g.:

» Via valence bond theory | Rumer—Teller—Weyl (RTW) ~1932
» Via the Potts model Temperley—Lieb ~1971
» Via subfactors | Jones ~1983

» Via skein theory Kauffman ~1987
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The Temperley—Lieb (TL) calculus is everywhere

The TL calculus was discovered several times, e.g.:

» Via valence bond theory 'Rumer—Teller—Weyl (RTW) ~1932

= Warning
> | consider the two 1932 papers below as one
RUMER, G., Zur Theorie der Spinvalenz . . - 337
> 1 _  Teie, E., und WEYL, H., Eine fir die Va!enztheone geexgnete Basls
der biniren Vektormvananten .o . 499
They are quite similar and appeared in the same issue of
Bind Nachrichten von der Gesellschaft der Wissenschaften zu Goéttingen
Mathematisch-Physikalische Klasse pepiviee
(not continue from 1933 onward) o
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The Temperley—Lieb (TL) calculus is everywhere

The TL calculus was discovered several times, e.g.:

) Tl AAL 1 (DTVAN 10 2
Not dlscussed today, but honorable mentions

» Via valence |

> Via the Potts The TL calculus also appears in...

> Via subfactor ...the theory of quantum groups
..integrable models
..representation theory of reductive groups
...categorical quantum mechanics
..logic and computation

» Via skein the

Eine fiir die V ...probably more that | am not aware of
2.0 : : Relations between the ‘percolation’ and ‘colouring’
der bindren Vektorinvarianten. B gt i T
regular planar lattices: some exact results for
Example lation” problem

6. Bumer (Moskd  The TL calculus is equivalent to Tiltx(Uq(sl))

Vorgelegt von H.
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The Temperley—Lieb (TL) calculus is everywhere

Today's talk is based on:
The TL
. my memory (horrible reference...)
» Via
_ i On the Number of Rumer Diagrams
ia
> Via Valentin Vankov Iliev *
» Via The Increasingly Popular Potts Model
or
A Graph Theorist Does Physics (!)
Eine fi Jo Ellis-Monaghan
Subfactors nd “colouring’
q in Memory of Vaughan Jones ems associated with
t results for
Zhengwei Liu £
G. Rumer e _
Math-Science Literature Lecture Series
November 23, 2020, Harvard CMSA and Tsinghua YMSC
v 1 . q
oreeed The above are easy to google (its worth it!)
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Kauffman’s construction ~1987

Step 1 Take the framed tangle calculus Tan with generators

X

and relations being the usual tangle relations, e.g.

K%
A
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Kauffman’s construction ~1987

S Warning

| do not want to be precise what “calculus” means since
it doesn’t matter and is a bit messy in the literature, e.g.:
RTW never used any precise formulation
TL used algebras, but not using that terminology
an Jones used algebras and operads, but not using the latter terminology
Kauffman used operads, but not using that terminology
Other researchers might prefer monoidal categories (e.g. following Turaev ~1990)

QT %
A
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Kauffman’s construction ~1987

an

Warning

| do not want to be precise what “calculus” means since

it doesn’t matter and is a bit messy in the literature, e.g.:
RTW never used any precise formulation
TL used algebras, but not using that terminology
Jones used algebras and operads, but not using the latter terminology
Kauffman used operads, but not using that terminology
Other researchers might prefer monoidal categories (e.g. following Turaev ~1990)

| s /
< — Note that Tan is framed
so no relations of the form

¢ M
k\/‘\
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Kauffman’s construction ~1987

Step 2 Make Tan Z[A, A~!]-linear and impose

N\
N\

Kauffman skein relation
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Kauffman’s construction ~1987

Step 2 Make Tan Z[A, A~!]-linear and impose

Kauffman skein relation

Kauffman skein relation

oy

averaging over ways to get rid of the crossings

Here | am faithfully reproducing a constant
disagreement in the literature over the meaning of the “quantum parameter”
In quantum group theory g = A2
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Kauf]

Step|

Kauf

Why the A?

The A in Kauffman's formula only became clear in the light of Jones’ paper

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 12, Number 1, January 1985

A POLYNOMIAL INVARIANT FOR KNOTS
VIA VON NEUMANN ALGEBRAS!

BY VAUGHAN F. R. JONES?

that appeared a bit earlier than Kauffman's paper
STATE MODELS AND THE JONES POLYNOMIAL

Louis H. Kaurruan

(Received in recised form 1 September 1986)

§1. INTRODUCTION

InTiis Paper T construct a state model for the (original) Jones polynomial {51, (In [6] a state

Before 1985 Kauffman tried but didn't quite got there; [6] ~1983 is:

THEORY

Daniel Tubbenhauer Temperley—Lieb times four March 2022

3/7



Kauffman’s construction ~1987

Step 3 Realize that one also need impose to impose
—f=—A-A"

Then you are done and we have the TL calculus TLya 4-1)(0)

Daniel Tubbenhauer Temperley-Lieb times four March 2022 3/7



Kauffman’s construction ~1987

Step 3 Realize that one also need impose to impose

O—5——A2—A2

Then you are done and we have the TL calculus TLya 4-1)(0)

/

-/ -/
S1R-US

We need this because

\ =2

This is Kauffman’s famous calculation

implies § = —A?

Daniel Tubbenhauer Temperley—Lieb times four March 2022 3/7



Kauffman’s construction ~1987

Step 3 Realize that one also need impose to impose

=§=-A"—- A"

Thq

Example (6 points)

/_\\ /T\\\///

This is a basis of the six strand case
In general, the Catalan numbers give the dimension
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The RTW construction ~1932

Q+0— @

H
1s orbital of 1s orbital of Overlap creates
hydrogen hydrogen H-H o bond
Q +tO ) —@™
H F H—F
1s orbital 2p orbital Overlap creates
of hydrogen of fluorine H—F o bond
TR+t — AW
_/
F F F—F
2p orbital 2p orbital Overlap creates
of fluorine of fluorine F—F o bond

» Problem Find a model for chemical bonding
» Valence bond theory uses methods of quantum mechanics to explain bonding

» The RTW paper models valence bonds using SLy(C)
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The RTW construction ~1932

» Each atom is a vector x = (x1, x) € C?

» Each bond [x, y] is a matrix determinant

X
[x,y] — det (X; i;) = X1)2 — Xo)1

viewed as a polynomial with four variables

» These determinants are the building blocks of all f: C?" — C that are
invariant under transformation with determinant 1

» First fundamental theorem of invariant theory
Any SLy(C)-invariant function is a linear combination of products

D),y O] [x8), )]
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The RTW construction ~1932

3. Als zweites Beispiel behandeln wir die zyklische einvalentige
Kette mit sechs Atomen. Die Valenzfunktionen sind

o/ \ — NN/ /.
® \/ — N\ //

& s —s

» RTW now put the atoms on a | circle

» Then RTW 'draw bonds as lines

» The result is TL diagrams coming from valence theory:

atoms=points and bonds=strands
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The RTW

[x,/lly,z] = (ak — x2h)(y1z2 — yoz1) = [x, 2]y, ] + [x, ][/, Z]

The Kauffman bracket via valence bonds

aus N Strichen zwischen den # Punkten 2,y,..., s Wir stiitzen
uns darauf, dafl man mit Hilfe der Relation (2):

® oXo _ c—————o+1 17
-1 P o——o

Y

Kreuzungen auflésen kann!). Natiirlich ist mit dieser Bemerkung

The Kauffman bracket follows easily from the RTW setting:

ralentige

y.

» RTW now put the atoms on a circle

. Than RPT\A deaws handc ac linac

N

Example

/\\/

\\

'/
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The RTW

[x, /lly, 2] = (ak = xxh)(y122 — y2z1) = [x, 2]y, /] + [x, ¥][/, 2]

The Kauffman bracket via valence bonds

aus N Strichen zwischen den # Punkten z,y,...,2 Wir stiitzen
uns darauf, dafl man mit Hilfe der Relation (2):

® oXo _ c—————o+1 I’
-1 P o——o

Y

Kreuzungen auflésen kann!). Natiirlich ist mit dieser Bemerkung

The Kauffman bracket follows easily from the RTW setting:

ralentige

> R Second fundamental theorem of invariant theory via valence bonds

> Th
> Th

@

8. Als zweites Beispiel behandeln wir die zyklische einvalentige
Kette mit sechs Atomen. Die Valenzfunktionen sind

SN =\

3 5

RTW also prove that crossingless matching form a basis
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The RTW construction ~1932

3. Als zweites Beispiel behandeln wir die zyklische einvalentige

Kette mit corhe Atamen Die Valonefnnktionen cind
Modern formulation

2

3 3
) / \ RTW prove that there is a fully faithful functor /
@ .

TLo(—2) — Repg(SLa(C)) . /*
P \6 5/ 6—>s \: \5 6 5

» RTW now put the atoms on a circle

» Then RTW draw bonds as lines

» The result is TL diagrams coming from valence theory:

atoms=points and bonds=strands
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The RTW construction ~1932

3. Als zweites Beispiel behandeln wir die zyklische einvalentige

Kette mit <eche Atoamon Die Valonefnnktionen cind

w /

Modern formulation

3
\ RTW prove that there is a fully faithful functor
TLe(—2) — Repe(SL2(C))
7 AN

+

N

L

» RTW no

» Then RT

» The resul

Symmetric powers

Als Beispiel betrachten wir das Hydrazin NH:—NHs.. Wir
bezeichnen mit a, b die beiden N-Atome, mit 1, 2, 8, 4 die vier
H-Atome. Ordnen wir die Atome auf einem Kreis an, so erhalten
wir nach der Anweisung folgende sechs Valenzzustinde als Basis®):

a b a b

E; EE ‘i’\
(3) ) PR T h
2 3 \ / \ P

Actually it is more general:
RTW also address these questions for symmetric powers
with Sym*C? corresponding to a k-valence bond
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The RTW construction ~1932

3. Als zweites Beispiel behandeln wir die zyklische einvalentige

Kette mit sechs Atomen. Die Valenzfunktionen sind

Let's ask SAGEMath whether the RTW basis has the correct number of elements:

Type some Sage code below and press Evaluate. Type some Sage code below and press Evaluate.

Al = weylCharacterRing(['A"',1])
AL(1,0)*A1(1,0)*A1(1,0)

Al = weylCharacterRing(['A"',1])
AL(3,0)*AL(1,0)*A1(1,0)

Evaluate

Evaluate

2*A1(2,1) + A1(3,0)

Al(3,2) + 2*A1(4,1) + A1(5,0)

Indeed, 12 +

22—=5and1°+22+1>=6

Daniel Tubbenhauer
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The RTW construction ~1932

3. Als zweites Beispiel behandeln wir die zyklische einvalentige
Die Valenzfunktionen sind

Kette mit sechs Atomen.

Edward Teller is the big name here

ellerpdt

Edward Teller - Wikipedia

WIKIPEDIA
Edward Teller

https://en.wikipedia.org/v

Edward Teller (Hungarian: Teller Ede;

January 15, 1908 — September 9, 2003) was a
Hungarian-American theoretical physicist

who is known colloquially as "the father of
the hydrogen bomb" (see the Teller-Ulam
design), although he did not care for the title,
considering it to be in poor taste.l]

Throughout his life, Teller was known both
for his scientific ability and for his difficult
interpersonal  relations  and  volatile
personality.

Edward Teller
S

== UNCLASSIFITD

yTye——

o oo serouerae 1. (1)
Errotaeats Tsses s Rasticn Mirrrs

Nor cema by, Beport vsstan by

Teller's Wikipedia page has 25 printed pages (01.Mar.2022); it is very readable
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The TL construction ~1971

The Ising Model

Consider a sheet of metal:

It has the property that at low temperatures it is magnetized,
but as the temperature increases, the magnetism “melts away -

We would like to model this behavior. We make some
simplifying assumptions to do so.

— The individual atoms have a “spin”, i.e., they act like little bar magnets,
and can either point up (a spin of +1), or down (a spin of —1).

— Neighboring atoms with the same spins have an interaction energy,
which we will assume is constant.

— The atoms are arranged in a regular lattice.

» The Ising model's interpretation is explained above | Magnetism
» The Potts model is a generalization of the Ising model

» TL studied these Solid-state physics
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The TL construction ~1971

A choice of ‘spin’ at each lattice point.

» The Ising model is a lattice model

» The states are spins (up and down)

» Recall that what we want to know is Zs  Partition function
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The TL construction ~1971

q=Q! The Potts Model

Now let there be ¢ possible states....

&

g=4

®
[ 2% ]
e

» The Potts model is a lattice model

Orthogonal vectors,
with Jreplaced by dot
product

Colorings of the points
with ¢ colors

» The states are “spins” from 1 to Q (Ising Q@ = 2)

» We want to know Zs = Zs( = 1/kT) ' Partition function

Daniel Tubbenhauer
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The TL construction ~1971

(— —Endpoints have the same spins, so § is 1.

N

+7*:'/'

Endpoints have different spins, so ¢ is 0.

Hiw)=" 3"~ sti,s
edges

J

H(w) of this system is -10J

[ ZX = Zs‘cates eXp(—BH)
" H= Zedges 60’,‘70'ij J —=energy

> We want to know Zs = Zs(8 = 1/kT) |Partition function

Daniel Tubbenhauer Temperley-Lieb times four March 2022 5/7



The TL construction ~1971

» The
» The

The Potts model is very applicable:

Applications of the Potts Model

e Liquid-gas transitions These are all complex
e Foam behaviors systems with nearest
e Magnetism neighbor interactions.

e Biological Membranes

e Social Behavior

e Separation in binary alloys
e Spin glasses

e Neural Networks

e Flocking birds

e Beating heart cells

These microscale
interactions determine the
macroscale behaviors of the
system, in particular phase
transitions.

For all of these there is some form of the TL calculus

> We want to know Zs = Zs(8 = 1/kT) |Partition function

Daniel Tubbenhauer Temperley-Lieb times four
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The TL construction ~1971

Recall from last time that solving
Transfer matrices

the model “is equivalent to having good expressions for transfer matrices”

y3 Y4 Vs
P
a [
! 1 Xy X3 Xy XS \‘
Tow = Z R(an, a1|x1, y1)---R(an—1, an|Xn, yn)
aj
» For Z? with periodic boundary use transfer matrix above
> 1 » Problem Computing the largest eigenvalue becomes infeasible
» [The states are "spins™ from I to ¢ (Ising ¥ = Z)
Daniel Tubbenhauer

Temperley-Lieb times four
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The TL construction ~1971
(1-Typ)[12] = 2[12],

(1-Ty) [12][34] = [41][23],
(1-Ty) [41][23] = 2[41][23].

» V = CQ; the operators below are on tensor powers of V

p =multiplication by 1/v/Q, d;,i+1(v; ® vj) = 6;v; ®@ v;
RQ=(A+A12? eg Q=2implies A= (-1)/*

£ 1=18..010p®11®..11 (pin the ith entry)
Ei=1®..01®dj11 ®1®...Q1 (d; 1 in the ith entry)

v

Up to scaling, Ex = 1 — Ty(,41) Kauffman bracket

vV v vy

The transfer matrix with free horizontal boundary conditions is a multiple of
(Hf.’;ll aby; + 1) (T]7_; bE2i—1 + 1) where a and b determined by the
boundary condition
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e T e The operators satisfy the TL relations
Ek RS u
k
> V =C9: th \
- EkEk:mEka:m —
» p =multipliq r\
=(A
Q= (A+1 f \
U/
> i1 =1K
> EQ,' =1 (SO EkEkj:lEk = Ei «~ v |y)
» Up to scalin ‘ \
. .
» The transfel E,E; = E|E, for |k — I| > 1 «~ far commutativity p is a multiple of

(Hf;ll akEy FI)([];—; bEzi—1 + I) where a and b determined by the
boundary condition
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e T e The operators satisfy the TL relations
Ek RS u
k
> V =C9: th \
- EkEk:mEka:m —
» p =multipliq r\
=(A
Q= (A+1 f \
U/
> i1 =1K
> EQ,' =1 (SO EkEkj:lEk = Ei «~ v |y)
» Up to scalin ‘ \
. .
» The transfel E,E; = E|E, for |k — I| > 1 «~ far commutativity p is a multiple of

. aby + i »i—1 1+ 1) where a an etermined by the
"l aby T ([ BE T wh dbd d by th
boundary conditid TL then show that

Zs is determined by the TL relations
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The TL construction ~1971
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FIGURE 4

» TL also write down and study ' cell modules

» They use the usual diagrammatics to describe these
» They did not use diagrammatics to describe TLc(v/Q) itself
» They do not compute the dimension of TLc(v/Q)

Daniel Tubbenhauer Temperley-Lieb times four March 2022 5/7



The TL construction ~1971
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TL show that Zpotts and Zjcetype determine one another

General solution of the Potts model
» TL alsg Zs ~ T(a, b)
» They u where T(x,y) is the Tutte polynomial
for a = (|Q| + exp(8J) —1)/(exp(8J) — 1) and b = exp(3J)
> They d O 1TTOT UST uldéldlllllldLlLD U UCSCTToT 7 '-Q,\V \.v(} TUSTTT

» They do not compute the dimension of TLc(v/Q)
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The TL construction ~1971

2
|

© Ld

1

» TL als
» They |
» They d
» They d

Impressive!

Articles mentioning Potts models found by google scholar 01.Mar.2022

Count

20000

15000

10000

5000

2005 2010 2015 2020 Year

More than 250000 hits in total

This is a widely spread incarnation of the TL calculus
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Jones’ construction ~1983

Invent. math. 72, 1-25 (1983) Iﬂ’l/e”tZO”eS:
mathematicae

© Springer-Verlag 1983

Index for Subfactors

V.F.R. Jones
Department of Mathematics, University of Pennsylvania, Philadelphia, PA 19104, USA

» Factor = von Neumann 'algebra with trivial center

» A subfactor is an inclusion of factors N C M
» Murray—von Neumann ~1930+ classified factors by types: I, Il, Il and Il

» /I, are the "most exciting” ones | They have a unique trace!
We will stick with these

Daniel Tubbenhauer Temperley—Lieb times four March 2022 6/7



Jones’ construction ~1983

Invent. math. 72, 1-25 (1981

The word “algebra” is highlighted
because there will be representations!

Index for Subfactors

V.F.R. Jones

Inventiones
mathematicae

© Springer-Verlag 1983

Department of Mathematics, University of Pennsylvania, Philadelphia, PA 19104, USA

» Factor = von Neumann 'algebra with trivial center

» A subfactor is an

inclusion of factors N ¢ M

» Murray—von Neumann ~1930+ classified factors by types: I, I, Il and /l/

» /I, are the “most exciting” ones | They have a unique trace!
We will stick with these

Daniel Tubbenhauer
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Jones’ construction ~1983

lnvent. math, 72, 1-25 (198] The word “algebra” is highlighted I}Z/Llentzajzes

because there will be representations! ’
mathematicae
© Springer-Verlag 1983
Inde Example
M is a factor, G a nice group, then M® C M is a subfactor
V.F.R
B Vague slogan Subfactors «~ fixed points of a “quantum group” G action
The is also a version of Galois correspondence
and one can recover G from M® c M
> | In this sense subfactor theory generalizes finite group theory

» A subfactor is an inclusion of factors N C M
» Murray—von Neumann ~1930+ classified factors by types: I, I, Il and /l/

» /l; are the “most exciting” ones | They have a unique trace!
We will stick with these
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Jones’ construction ~1983

The word “algebra” is highlighted I}Z{,’@ﬂt[b}[
e because there will be representations! mﬂt]ﬂeﬂlﬂ§§6d€

© Springer-Verlag 1983

Inde Example

M is a factor, G a nice group, then M® C M is a subfactor
V.F.R

Departy Vague slogan Subfactors «~ fixed points of a “quantum group” G action

The is also a version of Galois correspondence
and one can recover G from M¢ ¢ M
» H In this sense subfactor theory generalizes finite group theory

» A subfactor is an inclusion of factors N € M
M Jones' paper was one of the starting point of
> transferring subfactors from functional analysis to algebra/combinatorics

and ///

» /l; are the “most exciting” ones | They have a unique trace!
We will stick with these
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Jones’ construction ~1983

[/\/I:N]«MeIR{>0

» Subfactor N C M, M is a N-module by left multiplication

» Assume that M is finitely generated projective N-module
The index [M : N] € R is the trace of the idempotent ey for M

» Jones' index theorem ~1983 The index is an invariant of N C M and

[M : N] € {4cos*(Z55)|k € N} U [4, <]
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Jones’ construction ~1983

[/\/I:N]«MeIR{>0

» Subfactor N C M, M is a N-module by left multiplication

» Assume that M is finitely generated projective N-module
The index [M : N] € R is the trace of the idempotent ey for M

» Jones' index theorem ~1983 The index is an invariant of N C M and

[M : N] € {4cos*(Z55)|k € N} U [4, <]

Note the “quantization” below 4:
This was a weird/exciting result!
Jones: The most challenging part is constructing these subfactors
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Jones’ construction ~1983

Sketch of the quantization argument

Associated a graph G to N C M and “[M : N] = pf(G)"

Then use Kronecker's theorem

findgraphs4[n_] := Select[GraphData /e Flatten[Table [GraphData["Connected", m], (m, 1, n}], 1], Last(Sort[Eigenvalues[AdjacencyMatrix[«]], Less]] <24&];

findgraphs4(7)
N
\\\
N\
ol | o . N, | .
,//
4/ ° °
s
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Jones’ construction ~1983

§4. Possible Values of the Index

§4.1. Certain Algebras Generated by Projections

Jones' projectors satisfy the scaled [TL relations for = [M : N] = 4 cos*({75)

ot X
k

./
o
N\
./

> kO = iy % “mu R |

N
> exer = eex for [k — I| > 1 «~ far commutativity
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Jones’ construction ~1983

§4. Possible Values of the Index

§4.1. Certain Algebras Generated by Projections

Jones' projectors satisfy the scaled [TL relations for = [M : N] = 4 cos*({75)

ot X
k

> exex = € 5 = X {e,!i > n} generate a factor R,,2
P R> C Ry is a subfactor of index 4 cos™(75)
\J/
» acusies = e (3R = i X |
N

> exer = eex for [k — I| > 1 «~ far commutativity
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nac’! cancieiictinn 1002

Jo

€k

[I.f.lJ [lg]J(|f| ] [fJ ( f ]

The Markov property!

They satisfy the relations
M) e =es el =e, .
(ID) eieszre, =t/(1+1)%;, TL relations

(1) ese, = eje; if [ — 5] > 2.

Here t is a complex number. It has been shown by H. Wenzl [24] that an
arbitrarily large family of such projections can only exist if ¢ is either real and
positive or ex27/k for some k = 3,4,5,.... When t is one of these numbers,
there exists such an algebra for all n possessing a trace tr: A, — C completely
determined by the normalization tr(1) = 1 and

(IV) tr(ab) = tr(ba),

(V) tr(went1) =t/(1 +t)? tr(w) if w is in Ay,

(V1) tr(a*a) > 0if a # 0
(noter_“c“)) ife#0 Markov trace

In braid pictures (crossing is given by Kauffman skein formula )

Ce) Cf£)(Cs (2 J Ce)
) (D P,
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Jones’ construction ~1 In hindsight the crucial result
Jones’ proved about TLc(0)

is the existence of a Markov trace

§4. Possible Values of the Index

$4.1. Certain Algebras Generated by Projections

Jones' projectors satisfy the scaled | TL relations| for d = [M : N] = 4 cos*({%5)

1
o o gty 3%
k

P i = €

)O(

-\
N\
\J
> exeiti1€k = Wek AR = [I\/I1:N] x I

N
> eve = egex for |k — I| > 1 «w far commutativity
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Jones’ construction ~1

In hindsight the crucial result

Jones' proved about TLc(d)
is the existence of a Markov trace

f4 D ihla Yol £ sho Tod

» erex

> ey

» e

Why? Well, because of the (Birman—)Jones polynomial:

Jones Polynomial

Jones met Birman in 1984:

Markov trace on the braid group = knot invariant

It was surprising that the Markov trace naturally comes from the
trace of the Iy factor,

T(xop) = 7(x), Vx € TL,, — \@ = ‘ , (Reidemeister move 1)

therefore leading to a knot invariant, well-known as the
Jones polynomial, by which Jones answered a series of old questions
in knot theory in 1985.

@)—t+t3—t4. O@ =ty o4

Reflection: t — t~1.
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Jd

Jq

€y

Jones was awarded the Fields Medal at Kyoto in 1990 for these
breakthroughs.

L ml‘
TIONAL CONGRESS

> cxe = eex for |k — | > 1 «w far commutativity
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Jones’ construction ~1983

§4. Possible Values of the Index

§4.1. Certain Algebras Generated by Projections

Jones also implicitly coined the name “TL algebra” ~1985:

) BULLETIN (New Series) OF THE 2(
Jones’ proj AMERICAN MATHEMATICAL SOCIETY ps ( )
Volume 12, Number 1, January 1985

€k [M: A POLYNOMIAL INVARIANT FOR KNOTS
VIA VON NEUMANN ALGEBRAS!
BY VAUGHAN F. R. JONES?
» erex d

For real ¢, D. Evans pointed out that an explicit representation of A, on
C?m+2 was discovered by H. Temperley and E. Lieb (23], who used it to show
the equivalence of the Potts and ice-type models of statistical mechanics. A

> exeiti1€k = Wé’k AR L/\ﬁ - [Ml:N] x I
N

> ere = e for |k — | > 1 «w far commutativity
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The Temperley-Lieb (TL) caculus i everywhere

e TL ol vas dcoverd v s .
> Vi vlnc b thecey
> Via the Potts model Temparley-Lish ~1071
> Vo sbtctors IO

> Via sk hery Kaufiman ~1987

Bine i dio Valonstheorie geignetn Basia
der binren Vektorinvarisnten.

. Ramer (s, . Tller s M. Wogh Giting o
it . Wi e S s e o

Kauffman's construction ~1987

B stz cht v o e s i

Qe

W\

This i b of e s tand coe

/_\\

The TL construction ~1971

The Temper

The TL el

<1087

> Vo valer
> Va the
» Va subia
> Via s [

Bine i die
dr b

ar——

Lo

B Mske Tan 24, A~ ineor and impose

208

Kauffman s estion

T T TSR R

= e par ey O]
L e )
The R The T contction 1971
o] SITnTm R e e q=Q! The Potts Model
o - Now let there be ¢ possible states...
“ fr — . i +
PRI/ | | @ i
The Kauffman beacket folows easily from - = =
el e
=y
B G
X ool
%'/ \'\ /‘_‘\\\‘/// - The Potts model s 3 lattce model
— — - T e i o 10 @ (g 0-2)
» Wovar ok 25 = 243 = 14T)

Jones” construction ~1983

5 BI=0
YL
O s

:

@

> TL s wite doun and sty

> They use the seal dagrammatics o dscribe these

> They did ot se iagrammatis to descibe Tec(yT) sl
> They do ot compute she dimension o TLe(vT)

There is still much to do...

Daniel Tubbenhauer

[IENS———.

P —

Joes proctes sty the s R o 5 = [ M = 4

n—«m"x
Q{SMXI

> e = e

> o= e for k]

Temperley-Lieb times four

Jones” construction -
e’ .-.-M mu)
s e sence o

Wy Wb bcarse of e (B o s
Jones Potyomial

T 3 |- et )

St o, b e
ey

& &

March 2022
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The Temperley-Lieb (TL) caculus i everywhere

The Temper

The TL clclus s discovred sevrs imes, ..

<1087

The T ol S0 Mok Tan 744 A Hiner snd impose

> Vi vlnc b thecey > Vi vl

Vi th Pocs o [FRmpRIRB 167 » Vi he | AN L=

> Vo sbtctors IO » Vi st N —

> Vi sk theey Kauiman ~1987 > Vi s |

[ e
Kine i dio Volonatheorio geoignete Basia Bine fur
e Vi, S o . .

P — ot T ————

et o g ke — — o e

ot a1t i () =

Kaullman's comtruction ~1987 The RTW The TL costuction 1971

BB ez chtcon 3k e inpose o impose R SEERTRRILG T e q=Q! The Potts Model
O o oA K- Now It thre be g posibe stats..
| N AR I o
m 1 1 et
L rrp—— A ——
/ \ \/ e o et et
> RTW o put h stoms o » GHER|
A\ \ /| s L o
T B 134
i it e i con SN \/
g x - N\ /‘—‘\\ - // > The Pots model 3 lttice model
— — > Thesote v i fom 1t @ (g @=2)
> Wevart o b 24 = Zi(3 = 1AT)

The TL comtuction 1971 Jones consruction ~1983

PN Peververen

g U o e

1 EONE Sy o o

W & Sones prjecor sty th scaled IFRRRRR fr § = [M N = Acor(555)

o X
!

> TU sho witedown ad sty 450~ | msa moy
- Thoy ot he st g o decib hs B ] bty i e
 Tho 6 o e G 0 s T(/) ol Ferrmi

Thanks for your attention!
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