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History of diagrammatic presentations in a nutshell

@ Rumer, Teller, Weyl (1932):
U(sly)-tensor category generated by C2.

@ Temperley-Lieb, Jones, Kauffman, Lickorish, Masbaum-Vogel ... (>1971):
Ug(slz)-tensor category generated by C3.
@ Kuperberg (1995):
U, (sl3)-tensor category generated by /\(17@37 = (Cg and /\in’?.
o Cautis-Kamnitzer-Morrison (2012):
U, (sly)-tensor category generated by /\ZCQ’.
@ Sartori (2013), Grant (2014):
Ug(gly)1)-tensor category generated by /\’;Cé‘l.
@ Rose-T. (2015):
U, (sl)-tensor category generated by Sym’;(Cf,.
@ Link polynomials: Queffelec-Sartori (2015); “algebraic”: Grant (2015):

Ug (gl m)-tensor category generated by /\S(CZV‘M.

“Howe" do they fit in one framework?
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The 2-web space

Definition(Rumer-Teller-Weyl 1932)

The 2-web space Homoweb(b, t) is the free C, = C(q)-vector space generated by
non-intersecting arc diagrams with b, t bottom/top boundary points modulo:

CII’C|e 0 1O — _q — q_1 — _[2].
removal

Isotopy .
relations
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The 2-web category

Definition(Kuperberg 1995)
The 2-web category 2Web is the (braided) monoidal, Cg-linear category with:

@ Objects are vectors k = (1,...,1) and morphisms are Homgweb(/?, #).
@ Composition o:

N-U-0O . UeN -

@ Tensoring ®:

1 1 1 1 1
1 1 1 1 1
v
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Diagrams for intertwiners

Observe that there are (up to scalars) unique Ugq(gl,)-intertwiners
cap: (Cf, ®(C§ —- Cy and cup: C; — (Cf, ®(Cf,,
projecting C2 @ C2 onto C, respectively embedding C, into C2 @ C2.

Let gl,-Mod be the (braided) monoidal, Cg4-linear category whose objects are
tensor generated by (Cf,. Define a functor I': 2\Web — gl,-Mod:

r 2 2
k=(1,...,1)=» Cy®- - ®C,

1 1

Cap 5 Cup
ﬂ

1 1

Theorem(Folklore)

I: 2Web® — gl,-Mod is an equivalence of (braided) monoidal categories.
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The main step beyond gl,: trivalent vertices

An N-web is an oriented, labeled, trivalent graph locally made of

k+1 k !

mij/—A , szi,—)\f( k,l,k+1eN

k 1 k+1

(and no pivotal things today).
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Let us form a category again

Define the (braided) monoidal, Cg-linear category N-Web, by using:

Definition(Cautis-Kamnitzer-Morrison 2012)

The N-web space Homeebg(/?, 7) is the free Cg4-vector space generated by
N-webs with k and [ at the bottom and top modulo isotopies and:

gl,, “ladder” .
relations

Exterior - k=0 , ifk>N.
relation
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Diagrams for intertwiners

Observe that there are (up to scalars) unique Ugq(gly)-intertwiners
k1
my |t AJCY @ AyCY — A'CYand spl s AgTICY — ACY @ ALCY
given by projection and inclusion.

Let gly-Mod. be the (braided) monoidal, Cg-linear category whose objects are
tensor generated by /\ZC(’;’. Define a functor ': NWeb, — gly-Mod.:

k= (ki .., kn) = ACN @ - @ AW,

K+l K !

k1 k.l
A =my )Y( = Sy

P / k+1

Theorem(Cautis-Kamnitzer-Morrison 2012)

: NWeb? — gly-Mod. is an equivalence of (braided) monoidal categories.
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“Howe" to prove this?

Howe: the commuting actions of Ug(gl,,) and Ug(gly) on

Af(CiecC = P (ACle--eACY)

kit t+km=K
introduce an Ug(gl,,)-action f on the right term with k-weight space /\g(CQ’.

In particular, there is a functorial action

gl,<ew: UCI(g[m) — g[N_MOdev
ks ASCY, X € 1;Ug(gl, )15 = F(X) € Homgy, -mod. (AT, ALCN).

a-q> a-q>

Howe: &7

Mew is full. Or in words:

relations in U,(gl,,) + kernel of ®7  ~ relations in gly-Mod..

skew
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Define the diagrams to make this work

Theorem(Cautis-Kamnitzer-Morrison 2012)

Define NWeb, such there is a commutative diagram

_ om
Uq(al,,) — > gly-Mod.
N-Web,
with
ki—1  kipp+1 K+l kg —1
T7(Filp) = , TM(Elp) — 1
ki Kit1 ki Kit1
T7 ~» “gl, ladder” relations ,  ker(®J., ) ~ exterior relation.
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Exempli gratia

The “gl,, ladder” relation

K / K | K /
1 1
k—1 1 — k4l -1 = [k — /]
K i K i K i

is just
EF1; — FE1; = [k — /]1.

The exterior relation is a diagrammatic version of

A;'CY =o.
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Could there be a pattern?

A green-red N-web is a colored, labeled, trivalent graph locally made of
k+1 k+1 k+1 k+1

K+l _ K+ _ K+l _ Kl _
my = o My = o My = y o My =

And of course splits and some mirrors as well!
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The - N-web category

Define the (braided) monoidal, Cg4-linear category N-Web,, by using:

Definition
Given k € Zg;”,fe Zg;*”/. The green-red N-web space HomNWebgr(l?, ﬂ) is the
free C4-vector space generated by N-webs between k and T modulo isotopies and:
ol +9l, ,
“ladder” @ Same as before, but now in red as well!
relations
1 1 1 1 1 1
Dumbbell : [Q]A — 2 + 2
relation
1 1 1 1 1
Exterior; A =0 , ifk>N.
relation
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Diagrams for intertwiners - Part 3

Observe that there are (up to scalars) unique Ugq(gly)-intertwiners
mﬁlz /\Z(CQ’ ® (CQ’ —» /\ZH(CQ' and m’,jfll: SymZ(CQ’ ® (CQ’ — SymSH(CQI
plus others as before.

Let gly-Mod. be the (braided) monoidal, Cg-linear category whose objects are
tensor generated by /\Z(CQ’, Symg(Cq’V. Define a functor I': NWeb,,, — gly-Mod..:

k=(kiy. o ki kmity o kman) = ASCN @ - @ SymfmrCl,

k+1 k+1

k+1 k+1
A A

[: N—\Nebg — gly-Mod. is an equivalence of (braided) monoidal categories.
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Super gl

The quantum general linear superalgebra Uq(g[m‘n) is generated by L?El and F;, E;
subject the some relations, most notably, the super relations:
Lmliniy — Lyl lma
qg—q!
[2]FmFm+1Fm—1Fm :FmFm+1FmFm—1 I Fm—lFmFm+lFm
+ Fmt1FmFm—1Fm + FmnFm—1FmFm+1 (plus an E version).

F2=0=E ,

- FmEm+EmFm7

v

There is a Howe pair (Ug(gl,,,), Ug(gly)) with k= (ki,...,km:n)-weight space
under the Ug(gl,,,,)-action on /\Z(Cﬂ,nl” ® ClY) given by

ki N Kim N km N kmn N
NgCq @ Ng"Cq @ Symy""Cy @ -+ - @ Sym""C.

Daniel Tubbenhauer Proof? Super quantum Howe duality! June 2015 16 / 30



Define the diagrams to make this work

Define N\Web,, such there is a commutative diagram

; iy

Uq(g[m|n) g[N_MOdCS

N-Web,,
with
km—1 kmy1+1 km+1  Kkmy1—1
1 1
Yol (Fnlz) — , TI(Emlp) —
P Km+1 km Km+1
To" “gl,,|, ladder” relations ker(®Z1") ~+ the exterior relation.
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Exempli gratia

The dumbbell relation is the super commutator relation:

[2]1(1,1) = FmEml(11) + EmFmla

1 1

2] =

N N~ pA2N 2N
Cq @ Cq 2 N,Cy @ SymCy .

All other super relations are consequences!
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Another meal for our machine

Howe: the commuting actions of Ug(gl,,,) and Ug(gly p) on

AscyreciMy = @ (AYCYM @ SympchIM)
kit +kn=K

introduce an Ug(gl,,,,)-action f with k-weight space /\§°(CQIW ® Symgl(C;V‘M.
In particular, there is a functorial action

q)g;l';u: Uq(g[m\n) — glyy-Mod.,

K Aﬁ”(CQ”M ® Symgl(Cg”M, etc..
Howe: ®7I7 is full. Or in words:

relations in Uq(g[m|n) + kernel of ®ZI, ~ relations in glym-Mod..;.
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The definition of the diagrams is already determined

Define N|M-Web,, such there is a commutative diagram
i L
UQ(g[m|n) g[N|M_M0cICS
m /
N|MWeb,,
with
km—1 kmy1+1 km+1  kmy1—1
1 1
Té?Jsr]u(lez) = 9 Tglll‘sf’u(Emll_{) =
P K41 km Km+1
TIE “gl,,|, ladder” relations ker(®Zim,) ~ a “not-a-hook” relation.

Daniel Tubbenhauer Super-Super duality and even more cousins June 2015 20 / 30



The machine spits this out

The (braided) monoidal, Cg4-linear category N|M-Web,, by using:

Given k € Z7¢" and T € Z75t". The N|M-web space Homp|mwen,, (K, 1) is the
free Cq4-vector space generated by N|M-webs between E, [ modulo isotopies and:
al, +gl, _
“ladder” : Same as before, but now in red as well!
relations
Dumbbell . 2]
relation
“Not—a—.hook” . eq(boxn1.m11)
relation
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Exempli gratia

The “not-a-hook” relation kills the Gyoja-Aiston idempotent eq(boxy+1,m+1) for
a box-shaped Young diagram with N + 1 rows and M + 1 columns. Examples:

eq(boxs 1) = €

e, (boxa2) = e ( ) _

The first is the exterior relation for green Temperley-Lieb-webs, the second is the
relation found by Grant/Sartori for green gl;|;-webs.
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An almost perfect symmetry

Up to the exterior relations: N|MWeb,, is completely symmetric in green-red.
Only the braiding is slightly asymmetric, because g ++ g~ :

k—j1+ix 1+i1—J2

J2
N _ (_1)k+kl k Z (— )—j1 o "
\ q q i i
koo 1,220
—j=k—I

o
k—j1+iz I1+i1—J2

Ji
V\ =(-DfgF D (—q) s i

koo J1,220
Ji—j=k—1
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The oco-webs space

Define as before co-Web,, by using:

Definition

Given k € Z’;g” and [ € Z'gj",_ The co-webs space Hommwebgr(/?, A) is the free
Cq-vector space generated by co-webs between k,/ modulo isotopies and:

gl,, +gl,

“ladder” -

relations

Dumbbell .

relation

NO

exterior -

relation

same as usual.

ANk #0 5

1 1 1 1 1 1
[2] | i x + i
1 1 1 1 1

if k> N.
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The “big category”

For all N € N: there is a commuting diagram

7TN
ocoWeb,, —— NWeb,,

-| |

H — gly-Mod..

Here H is an idempotented version of the Hecke algebroid H and 7V is the full
functor induced by g-Schur-Weyl duality:

oMo Hi(g) = Endy, g1,y ((CV)EX), if N > K.

r>: coWeb?, — H is an equivalence of (braided) monoidal categories.
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An application: the HOMFLY-PT symmetry

Let K be a framed, oriented, colored knot K. Associate to it the colored

HOMFLY-PT polynomial P9(K())) € C4(a). The colors A are Young diagrams.

The colored HOMFLY-PT polynomial can be defined from H and thus, from

ooWeb,,. Since coWeb,, is symmetric in green-red and the braiding is

symmetric in green-red under g < g1

Corollary(of the < symmetry)
The colored HOMFLY-PT polynomial satisfies

1

P2A(K(N)) = (-1)*P> " (K(O\)),

where co is some constant. Similar for links.
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Exempli gratia: - trace rules
To evaluate closed diagrams one only needs three extra rules:

_a-—at
1 - —1°
9-q
1 1 1

1 1

ag~! — alq aq-— algt

2 = N =
qg—q! qg—q!

1

Green<sred and g <+ q~1 gives the “same” result (up to a sign).
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Exempli gratia: the Hopf link H( , )« H(

/\D}
P =

H
/E}

P
L1




| do not have tenure. So | have to bore you a bit more.

Some additional remarks.

J

Homework: feed the machine with your favorite duality (e.g. Howe dualities
in other types) and see what it spits out.

@ The whole approach seems to be amenable to categorification.

Relations to categorifications of the Hecke algebra using Soergel bimodules or
category O need to be worked out.

This could lead to a categorification of Uq(g[m‘n) (since the “complicated”
super relations are build in the calculus).

A “green-red-foamy” approach could shed additional light on colored
Khovanov-Rozansky homologies.

The symmetry of the HOMFLY-PT polynomial holds (probably) for the
homologies as well: maybe this can be proven by categorifying our approach.
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There is still much to do...
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Thanks for your attention!
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