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The 2-web, space

Definition(Rumer-Teller-Weyl 1932)

The 2-webg space Homaweb, (b, t) is the free C4 = C(q)-vector space generated
by non-intersecting arc diagrams with b, t bottom/top boundary points modulo:

@ The circle removal:
1@ =—q-—q'=—[2

@ The isotopy relations:
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The 2-web, category

Definition(Kuperberg 1995)
The 2-web, category 2\Weby is the (braided) monoidal, Cg4-linear category with:

@ Objects are vectors k = (1,...,1) and morphisms are Homgwebg(E, _').
@ Composition o:

N-U-0 . UeN -

@ Tensoring ®:

U U
N

Daniel Tubbenhauer Graphical calculus via Temperley-Lieb diagrams March 2015



Diagrams for intertwiners

Observe that there are (up to scalars) unique Ug(sly)-intertwiners
02 o (2 _ 2 o2
cap: C;® C; - C4 and cup: Cq — C; @ Cf,

projecting C2 @ C2 onto C, respectively embedding C into C2 @ C2.

Let sl,-Mod, be the (braided) monoidal, Cg4-linear category whose objects are
tensor generated by (C%. Define a functor I': 2Web, — sl,-Mod.:

@ On objects: k = (1,...,1) is send to (C2)®* = C2 @ --- ® C2.
@ On morphisms:

Theorem(Folklore)

[: 2—\Nebg9 — sl-Mod, is an equivalence of (braided) monoidal categories.
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The main step beyond sl,: trivalent vertices

An N-web, is an oriented, labeled, trivalent graph locally made of

k+1 k !

mﬁf,’_{{\ , sﬂ,_}\f‘ kI, k+1€eN

k 1 k+1
(and no pivotal things today).

Example
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Let us try the same for sly: the N-web, space

Define the (braided) monoidal, Cg4-linear category N-Web, by using:

Definition(Cautis-Kamnitzer-Morrison 2012)

The N-web, space HomNWebg(E, 7) is the free Cg-vector space generated by
N-webs, with k and [ at the bottom and top modulo isotopies and:
9 “gl,. ladder” relations like
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Diagrams for intertwiners - Part 2

Observe that there are (up to scalars) unique Ugq(sly)-intertwiners
kI
mi s ASCY @ ALCY — AT and s AT — ASCY @ ALCY
given by projection and inclusion again.

Let sly-Mod. be the (braided) monoidal, C4-linear category whose objects are
tensor generated by /\Z(CQ’. Define a functor I': NWeb, — sly-Mod.:

@ On objects: k = (ki, ..., kp) is send to /\gl(CQ’ R /\sr”(CQ’.

@ On morphisms:
k+1 k 1

Kt K,
{{\ =my SY‘ = Sk

k 1 k+1

Theorem(Cautis-Kamnitzer-Morrison 2012)

r: N—\Nebg9 — sly-Mod, is an equivalence of (braided) monoidal categories.
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“Howe" to prove this?

Howe: the commuting actions of Ug(gl,,) and Ug(sly) on

Af(CrecC = (Aic)e- e ArCY)

kit +km=K
=@ wiero-enten
h+-Fiy=K

introduce an Ug(gl,,)-action f on the first term with k-weight space /\g(CQ’.

In particular, there is a functorial action

Tew - Ug(al,,) — sly-Mod,,

skew -
ks ASCY, X € 1;Ug(gl,) 17— F(X) € Homgry-mod, (ALCY, ALCY).
Howe: @7 is full. Or in words: all relations in sly-Mod. follow from the ones in

U,(gl,,) and the ones in the kernel of &7

skew "
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Define the diagrams to make this work

Theorem(Cautis-Kamnitzer-Morrison 2012)

Define N\Web, such there is a commutative diagram

o om

Ug(gl,) e > sly-Mod,
R /
N-Web,
with
ki—1  kjpp+1 Ki+1  kjp1—1
Tm(F,'ll-(*) — r s Tm(E,].l-(‘) — ;
A 4
ki kit1 ki kit1

T™ induces the “gl,, ladder” relations, ker(T™) gives the exterior relations.
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Exempli gratia

The “gl,, ladder” relation

K / K | K /
1 1
k—1 1 — k4l -1 = [k — /]
K I K i K I

is just
EF1; — FE1; = [k — /]1.

The exterior relations are a diagrammatic version of

ATl ~o.
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The symmetric story is easier in some sense...

An 2-web, is a labeled, trivalent graph locally made of
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Never change a winning team

Define the (braided) monoidal, C4-linear category 2Web, by using:

Definition
Given k € 7%, and Te an/o- The 2-webs, space Homgwebr(l?, 7) is the free
Cq-vector space generated by 2-webs, between k and T modulo isotopies and:
@ The “gl, ladder” relations again!
@ A circle evaluation and the dumbbell relation:

« =0 , ifk>N.
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Diagrams for intertwiners - Part 3

Observe that there are (up to scalars) unique Uq(sly)-intertwiners
capy: SymfC2 @ Sym¢C2 — Co , mf}': Sym)C2 ® Sym[C2 — Sym/*'C2
cup,: Cq — Symé@i ® Symé@i , sii,: Symé“@i — Symé@i ® Sym;(Cf7

(guess where they come from...)

Let sl,-Mod; be the (braided) monoidal, Cg-linear category whose objects are
tensor generated by Symf,(CQ’. Define a functor I': 2Web, — sl,-Mod,:

@ On objects: k = (k1, ..., kn) is send to Symgl(Cf7 ®:® SymZ"(Ci.
@ On morphisms:

k+1 k 1

k k
U k+1 ko1
m = cap, = cupy =my g Sk

ko k k / k+1

I: 2Web® — sl,-Mods is an equivalence of (braided) monoidal categories.
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“Howe" to prove this?

Howe: the commuting actions of U,(gl,) and Ug(sly) on
Symﬁf((CZ ® (CZ;V) = @ (Symf,l(CQ’ R - ® SymZ"(CQ’)
Koot ko =K

> P SymiCie--@SymlC))
ht+Iy=K

introduce an Ug(gl,)-action f on the first term with k-weight space SymS(CQ’.

In particular, there is a functorial action

o7, Ug(al,) — sl-Mod,

K SymhC2, X € 1U,(ql,)1; — F(X) € Homay, moa, (SymAC2, Sym! C2).

Howe: & . is full. Or in words: all relations in sl,-Mod; follow from the ones in

Uq(gl,) and the ones in the kernel of ®Z

sym-*
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Copy-paste

Theorem

Define 2Web, such that there is a commutative diagram

: o

Uq(gl,) » 51,-Mod,

2Web,
with
k—1 I1+1 k+1 I—1
k ! k I

T induces the “gl, ladder” relations, ker(T") gives the circle/dumbbell relation.

y
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Exempli gratia

The dumbbell relation

1 1 1 1
U

@l | = 2+

AN

is a diagrammatic version of
2 2~ 22
C, ® C, = Cq @ SymCy,.
No relations of the form

|k =0 , ifk>N,

because
Sym_McY 2 0.
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Could there be a pattern?

An N-web,, is a colored, labeled, trivalent graph locally made of
k+1 k+1 k+1 k+1

kil _ k! _ K+l _ K+l _
m,, = My, = y My g = o My =

And of course splits and some mirrors as well!
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The N-webs,, category

Define the (braided) monoidal, Cg-linear category N-Weby, by using:

Definition

Given k € Zgar” and [ € Zg;*”/. The N-webs,, space Homeebgr(E, ﬂ) is the free
Cg4-vector space generated by N-webs,, between k and T modulo isotopies and:
@ The “gl,,+gl, ladder” relations.

@ The dumbbell relation:

@ The exterior relations:

=0 , ifk>N.
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Diagrams for intertwiners - Part 4

Observe that there are (up to scalars) unique Ugq(sly)-intertwiners
m?'llz /\Z(CQ’ ® (Cg' — /\/;H(Cg' and mﬁl: SymZ(CQ' ® (Cg' — Symlfl(Cg'
plus others as before.

Let sly-Modcs be the (braided) monoidal, C4-linear category whose objects are
tensor generated by AXCY, SymXCY. Define a functor ': N-Web,, — sly-Mod.:

@ On objects: k = (ky, ..., kmsn) is send to AACV @ -+ @ SymfmCl.
@ On morphisms:

k+1 k+1

k+1 k+1
P

I: N—\Nebgar — sly-Mod,s is an equivalence of (braided) monoidal categories.
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Super gl(m|n)

The quantum general linear superalgebra U4(gl(m|n)) is generated by L?El and
Fi, E; subject the some relations, most notably, the super relations:
LmL;rlH — Lr;l Lm+1
g—q!
[2]FmFm+1Fm—1Fm :FmFm+1FmFm—1 i Fm—lFmFm+1Fm
+ Fmt1FmFm—1Fm + FFm—1FmFms1 (plus an E version).

v

Fr%rZOZE:i ) = FmEm + EnFm,

There is a Howe pair (Ug(gl(m|n)), Ug(sin)) with k = (k1, ..., kmyn)-weight
space under the Uy(gl(m|n))-action on /\fj((Cg"'” ® CY') given by

ASCl @ - A Cl @ SymfmiCY ® - - - @ SymgmCy.
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Define the diagrams to make this work

Theorem

Define N\Web,, such there is a commutative diagram

. Pmin
U, (gl(m|n)) sly-Mod,g
h /
N-Web,,
with
km—1 kmy1+1 km+1 kmy1—1
ToI(Fnlg) s % . TIINELL) N
4
km km+1 km Km+1

TI" induces the “gl(m|n) ladder" relations, ker(TT") gives the exterior relations.

y
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Exempli gratia

The dumbbell relation is the super commutator relation:

[2]1(1,1) = FmEml(11) + EmFmla

1 1 1 1 1 1
1 1
- ¢
A ’
1 1
2] = > Ao+ ok 2
1 ! ' 1
K4 AY
1 1 1 1 1 1

N N~ A2N 2N
Cq @ Cy 2 N,Cy @ SymC .

All other super relations are consequences!
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An almost perfect symmetry

Up to the exterior relations: NWeb,, is completely symmetric in green-red. Only
the braiding is slightly asymmetric, because g < g~ *:

k—j1+ip 1+j1—i2
1
2

(_1)k+quk Z (_q)—j1 k=i h I+

koo J1.2>0 a1
J1—j=k—1

X

-

:
k—j1+iz I1+i1—J2

Ji
V\ =(-DfgF D (—q) s i

koo J1:220
Jh—p=k—=1
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The oo-webs,, space

Define as before oco-Weby,, by using:

Definition

Given k € Zg;{” and [ € ZgIOJ“",. The co-webs,, space HomOOWebgr(E, 1) is the

free Cq4-vector space generated by oo-webs,, between k, / modulo isotopies and:
9 The “gl,,+gl, ladder” relations.

@ The dumbbell relation:

@ But no(!) exterior relations!

+k¢o, if k> N.
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The “big category”

For all N € N: there is a commuting diagram

TI'N
oo-Web,, —— N-Weby,,

-| |

H ——— sly-Mod,

Here H is an idempotented version of the Hecke algebroid H and 7V is the full
functor induced by g-Schur-Weyl duality:

O+ Hi(q) = Endy, (o1, (CY)®K), if N > K.

e oo—Webg — H is an equivalence of (braided) monoidal categories.
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An application: the HOMFLY-PT symmetry

Given a framed, oriented, colored knot /C, one can associate to it a polynomial
called colored HOMFLY-PT polynomial P39(K) € Cq4(a). The colors A are Young
diagrams.

The colored HOMFLY-PT polynomial can be defined from H and thus, from

oo-Web,,. Since coWeby, is symmetric in green-red and the braiding is

symmetric in green-red under g < g1

Corollary(of the green<>red symmetry)
The colored HOMFLY-PT polynomial satisfies

PLAK) = (-1)°P (K,

where co is some constant.
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There is still much to do...
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Thanks for your attention!
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