Epf(_oauz'. Finike Ordinals (8) amd Finikt cordinals (B)

Mokvakon: We in\-no(\Mu. Hae sim‘olex ca\eao b0 umd ks symmelnc

malow T, SJcour\n'l:ﬁ wilh a seb-Heorehica CLUONPHOIAS ol & omd T, we'll
move towards caltaorionl deseriplions aumd ra.:(olM'co.l caleulus , which

will reveal similamiies o Hae cakpoqy Atos. Thae iWL{JOfLWACl of A consish tu

e Ravck Haok ik is Hee smallest Poss:fi monoldal c.o‘j;jot:j aouloﬁh.iuéla non -k vial
monoid. TWAS i eaw,iua\wjr o sa&l-:oti\huwu om'i‘”‘ " qu mMmovoidal caleao
¥ s Hhe imma& of Hhe o@dec& 10F A wa AT UMGME Mo 0: al Puucloc A
Wladg e wikth Vecky doscands fo Hhe vnw\opim& ARA , where Al a IK*&I(CJ«»@»?C«..

1. The m\eﬂo_:j of Bimile ordinals A

Kecall Prom se,l-Hmora-.
Given o Biuile sek S, we deline aum QNLU'W\% as a relakon ¢, whick is:
® celiexive: asa Poc ah aes
® towmshkve: aslsc =) ase Por 'm.,e,c;ég
® M\—hs(\jmmlm.'c: asB<a =)a=8

An orcluma s Lotal | if boreacts a,6¢S we hawe a <8 oc Bsa.

Rt & i§ o\\wo.gs Lo\-alla ordored.
Corwemhon: Prom now ow "Lo#all(nj otdiced ' = "ordered”

Let 5,5 il sebs, ow ordespresecviug Mmap £:8938" isa seb-Heorelic fumdion st
T @) t
Loc asB in S we hawe L) < £(B) in S’.

Let €, order - CeseAVin ma/PSJHAUA foq or&u-Prgsuv\'n T ideubd mwr; s alway s
orw-pseserw%. j J J b aba

We deline e co ozp Fin0rd as loliows!
*OGjecks : Linile ordeced sets
. H«or‘:wsms-. Orelﬁf—-Pr@SMVMS rvla.?s
EinOed adwmik movoidal shacre givem By disioiut wwiion, which we dewole as +,
If 5,5 bimle oclered sebs, 545" is also a W wrﬂue& seb wikk ort\.uma %.‘vw @,J..
%rw& xeS amd x'eg', we howe xe¢x.
ﬂ'ﬁuorA = ‘d
Rewwoww: 1) FiuOd is not s(\jmmdrﬁc,simce Hagre ¢ no summelbrc shruclwre on ik

2) RnOed is a @v:a colegory ) work with o swelelon (s:m)\lwrl(\j bo Q¥oB)




For S, T findle ordesed sets we say Hiab ST, iBE (s1=1T).
To tonskuck a skelelon For FimOed we vnered bo doose oue ordered sel of w@@ ne N,
A rwceswh\&ve is caled a MM[,
For eack ne i , let ny dewole {0,4)_.)n-4}_ Clearls) 0is g aud 4_,{0}_
Skelelon of Fmodd: A =io,4,a,..j,.
The arrows in A are Hae or&u-r)cesuvfn MWPS belweon Hae cels.
For exwle f:an meoms Haak For ev Lgd' inim we howe P(:)si—’g-);n n.
A adwils o (shack) ronoidal shucdre:

® is tue ordinal sum man of +wo ordinals (wol-k«u(o) wote Hiam Hu addilioun
o8 nuammbers)

Tha or&w:j conmes Wi ko inclusious:
m - men hHMhiin
iV JHWHJ

Covaosmbw. bor F"""""’" korlw-r;raswva maps

3’. m'an

-C+5'. m+m'-)n+n‘ ‘s delined as I £ P—or i=0,,m-4
n+3(\’-m), Lori=m,.,mem-g

A AS QA swhealeno of ot
legony = =a
We com discnss am alkernakve lo desriBe A as o su!@:ca'aao ol Pot.

Let Hhe ocder Be aiven By arcows i Hae co«\tg)wts, so \f n duwoles Hee mkgon{j
whose obieds are §0,4,3n-1% , Haom Hat axrows are Hee order relalious e
foc ;s()' Haere is only one arrow :_)d’. Nole Hiat Hee arrows 60 ovnla M 2 dreckion

or in & direcdion Sine we howe o tokal order,

0 : oGd‘edrs oM MO rrowS This ts exacHy Hae
4 : one o@ad‘edr amd one oo (:&V\\-\‘\a) (L nokou of am onenled %af[a
A: s —e (dou't drown Fae 1&4\4“%]) of an n-sival@x'.
3. /u\ A is a full Suﬂac_a‘ko;) of ‘Cm\;
» —e
whose o@d'ed'sm‘e 4,3,

Y- The asrows iu Haese cukaories
//"QT ace Hau orderiugts , o Pliaclor
=2 belvoeon Hae w‘%odcs is

Coubines . jusk au ordur-pe sw\g map.

@




G‘l(w?‘/v\'cod calemlus COC'A_
We inkroduc ”‘8“"1""‘“0‘\ duor\'phoh Lor Hue caleaozj O

.O@ded—g-_ Pivile seks of dok (M'raM%LJ in columns, : coresponds to 3

Twe w\a column is-d‘usl- ,@' . w.u(:la sr;o\u; on Hae rm,ae/sorw/e oo
“ MOrPWSWIS-. wlleckions of skrauds stacking From Hae lefk column and w&«’mﬁ
ak Hag né)h‘r w\wm,suﬂq‘w lo Hae ﬁohoﬁj

@) Cor eacla dot i Hee sowrce Haere is &}(0\0”\4) one skrouad wwu@ owk (amd
806\.13 to Hae target columan); k

(i) e shramds do nob cross , But H/Wé ace allowed to gL, e +wo or
more shrounds moy aund ot o siuéle dot.

Z We consider on‘d daoraamms on Hae 'olowu}
% "@m&m&“ is nok qhow?;.

R We tale about isoLopd classes of sucl A«'aarowus.

m& rules:

T4
Com,(;osi\n‘om . skomdourd wwveosﬂ«‘on of Lamclhious. I&wHLa MECOW !
“___,—;-——:: "Ai
255 5§y

In owr naw &.gori‘)hon we obtain:
The dok in He columng corresPonA Lo e

]
Skelelon b= i¢, ., :, e } shuclure Hiak Hae sebs are ordued,
() coulirwms Haar M Buuctious are ordes-
(areserv\‘ua

The o«c\vw«l-a%e oF Hu 6rw‘o|m‘c0\\ notaliow is tHhat Hus wcué) we com  Lorqut abouk
Hae nokon of o Pumclion (coudibioun (1), so ouns cau,ao{:j Loowes similar Lo Q¥of.

Ot weore Huno: laere Hu o@d'eok dou't howe names but we &sh‘nﬁw‘sh TIONITY
Haam . P:a Havie Fos.‘l/mm.




Monoidal shrudance:
¢ On oea‘e,d-s: Plau, Haom own Hae \-oP of eadu otuer;

@+®=g)

» On axrcows : SRW(MS

o0+ 60 - &7

Bad news: A is not sdmme}n'c,
o o o@d‘ed—s m and n we shall howe am

Samw would meam that For en
or&uapre,s(éfru;u mop R I NEM Heese mayos should Sah‘rgtj Hee condilion Por

Samww)ﬂa isonwrph»‘sm.
Covultrexumple: cousider Haz idy map ‘a5 ocamdidale lor Hee sammq,l-ea 2+4 5 44+2
r\'-a-’ﬂ) TVERER

:d
2+4 —-3——) 1+2

r“‘h\L \[{.‘an

144 - 144
i,

The &'a,aram does not commule!

(emaralors amd celalions Por 4

A i a berinal odeck w o . For wub neN Hure is ezmd-la one Luumckion N1, which
(ng

we duwole o M1

Lomma: Tz monoidal CQL%O(& (4,+,0) isawwra\ec\ vvwvw\'clo\lla 65 r,"),o_“ om §

r‘m: 2 44

Grovelm‘ca\la we re(ne,sw‘- Hee Wu»g Www; as:

—  —

’:(') €1 r“)
i

Peool.  FEv Moo M v 8 s & summ of n arcows o 4. The shramds are not

allowed bo tross eacts oHrer , so +he powrlilion oorreerOsz ezmoHa lo Hie cla‘sd‘ofu*

uwmuon of owrows.




Loow a} Hae Cohowiné e/;cwle:

f:1a6
‘? Sl-owlma brow Bokow |o (-or,,we read P- ,444,4(0).;,\4 A
:/ +7‘ *)‘ +r/3)

Some 0[1 Hag se maps wre usk rt O-H, Hee inclusion of Hre ww]ol«é sel iu Hae

n)

one -elewent seb, some are just fdeuhlies MT:i494 Hae cest are ma{)y 02 Hae
Cocm J*‘M n-1 Dor nz2, nelN, We claiwm Haat lLor e nzg Ha map }u ey

cow Be obloived as a wvaos.hou of wmaps obtaived Prom pP=idi491 amd
:,u 291 wuder Hae ordival suum.

> & we com see Hral we cam Pco&/\u IMOL10$ na4 lor
Wexa n2a.

Relakions

-I&wkl& celalions: T - ~ - >_‘ oo - frue loc oy
co\k,z)o(b

J Uqu-aliLa'. "> e s .—}

. Assoolakw\g: > . >

These relakious are sublicient to a,wxa\.e, A. To cer Hiak consider a normal Form,
siudlor bo Hee normal Porm Por 3Zo8.
Exomuple: . 4 possible morphisms 342
soeaabhw 39492
My > > 7 SomL o oS (3
e N -

b — _r L—’_'\v—‘————/’ - .
swd‘ed,\‘ue facloe vam\gh A >’l: a3 >\:




From Hae adrove ?Az(),w\,\ole,we see Hat Hae anrowos in A Pacdor s o swa'cobcoy\

Followed @3 o :udedwm. We call Hiewm (J-%mfj omd face mayps.
Al For eveny nen, Hease are OxacHy N4l Swrieddve wape called a@ %i
L Qxa ) J \Ma Wf) nlled oL ro Mq,]og

"
U’K (“’—o,-.") S.'L d’llh*a")n""

N 1, 15Kk
-1, i>K

) Hu elemaunt e ni is Wik hoice @a "

Eﬁ@‘ di
e e howe u:=i3\4+r\+ic\n-\4
B Conwemion: o5 =
-—"

Conclusion: Eveg swaedn'ov\ i o omposiHon of &aamrwtj maps.
Furthue, we defive Hae tace magps.
del: For o Mixed nelN Hiere are n+4 iwd‘ed/tve mays 31 (k=°/--z") calied RM?_S

J
J% NN
. i, i<
s §,i+1, 12K
&) S“K i l—'f\-ciw(jed)\ow hat fouls to it renws
Exp: 6,
g’ 5:=?AK*V],HJn-K
Q (\/O’V\N%L'OV\: S:=VL

Conclusion: Eveas now-tnvial ;V{jecuom coun Ge wriken as o composihon of Pace s

Relalions:
SJS; =9; 5:)‘“. ‘ Cor isd' j S"\ML“l‘Mé ia Maps These deablihies are
v; °:]‘ 20440 Loc ‘ué()‘ } ch:c'oo =t 0] assoaal«'v:l@ re laliown Mh 0‘5 ‘ |
&8 iar (Coysimplicianl i denlilies
8:021 :{ :'}ji , ;;d' :J:UH j co«esFovu\ bo wink axioms
5':]'5-;.,1 ; .'>d‘+-| €3]

Rwue: Thig is a memuon of A in leems of 8QAAM‘OLWJFS amd relalions Qub as a ch’@w&
omd ol as & movvosdal co\Le,%)Oﬂé- ©




S:cle, vwg: -HA.?, !-0‘00\0%\'54- K

The nolion of doemerawy omnd Face s should B Fommilior trom  Hae

Ala&@;rmc ToPo\o(c] loass. delinilion o(l O is used in relalion wils o.lae,@,m

Thw \»0()0\0%(5% use amolhar presembalion of Hae SIV\A10[’€/K catzaovb ywlneh - we will
deole as 4.

Beg Puh s\docau,g)o% of o, c,ov\s:slau& onla of posilive ofdiuals.
Notolon Foc K LY =fo}, U41=§0,4] | [2]={0,4,9}, ..

tae i u[ x’ e caleoyo
0-dim ‘0(7}0“(-) Hae cakﬂozj “ Wa 3

— 7R
0-—,.
A~div 3-Yiva

Slf‘.?* A simplaal set X is a wvariamt Md,or)(:zop-) Yel.’

The sinmplicial sebs Porm o calegoy of Pumcbors Fuum (B°P Set) diwcoled as s Set-
‘D\Ao\\l ,we %O}HM. nolion of a cosimplicial sek.

Rmic me.u Huime o f sMAf)l ial sels as caded o “swmoduled over HAL@C&L@@ n(,)a/
omd of vosimpliciol seks oS atot&u\ M “modules®, A s.m‘ol.o\al set is 6/(\1%1

SCOMA the bo
o 9 " X Ex“}zo stvwf)hual set, eoV\M‘Pr)eA wiby
6———
% EE))Q -3 Xq .- Mf"olMS‘MS 8.1 Xu D Xnoy

-

— % 1 Xu 93 Xum .
sk shuin relalons (k)
> demole §; @au, W‘ﬂfs) t‘a a

— duole Lpawc\ca ma,ta'. v,

Simplival seb X ) X bop spac
Sw\,Pl.ua s ' (8£m.‘)rea\:%o\\aion)

S\‘ug{u\lw‘ oowupl@x ¢

A snw(;l:c;a\ sek in o small caleaory is a Pamclor N:A TS Yok called nerve  wlich

seumds [0l bo Haw sekof o%d‘eo\-s , 0118 set of arrows y-, Lvle h-—Lu.t)]t.S ol co)M)(;OS‘»%]& w\wrs.

A
Cmu‘a‘)% /\TOFO\O%

Thvo

The elemamts of xyu axe callem VI—S;W\10'|'095.




d. Finile cardivols &
samm.e)m'c, Mo\low of a @) c,ngs-sim(ls:lloudaé

We A’“"F‘ Hae Df'w"‘g o maa Muéj t@ samwim‘c
Let Fiuet dumole the calegony wille:

. O&de.o\-s : Lm Lun swiowb@md ol Cet

¢ Arcows: all wmaps Gehoeu Livile seks

Ocdder 55 eed
V) V)
Fon0cd — Findet
A

F, W f‘»oraelr(«‘u\ Pumclors

Recall: Cet laas monoidal shuclure g{vw 65 1L amd g as wwil obreck.
Soamne shuchure s bor Fin Selt. 4

Consider Mo Loraamu\ Punclor Wi (FnOcd 1, )3 (FuSel, 1, g)

Feom Tale 4 Hae A;gdoml. WMAOW 5 O coPro&u\cA- M FuSet (amd in et But ot om
Fau0ed. '

[Tw, w‘om&ud i Fin0ed 15 Hae ordknal sum, wiichy oorrespowl; I;Lbrcdl\j o addilion. J

1=10%, 22804}, 14422, _
Tu Futet (or $et) we shal wtj 144 %2 stuee Hu t.o(JfoclMd-s ore delined onld u.f bo am iso

The gammhn on et tnduas S(tjmme,\m'c skruduce on F’.\Mge;mw;&
T: (X’é) ) (a,x) :
=) (Fw¥et, L, 2, ¢) is o s(\jmwu,‘/ﬁc monoidal w\,e,(o)ora.

Devol with T Hae co\%ama of Hinile cordinals, sceleton on FinSet,

Yoceach nenN Haere s seb §0,4,. 043,50 & is Hae Lyl S\J)co\\e@ora ol Fiulet
givem 203 e swelelon E={0,4,2,.F.

The o@ded—s of T oame calted Bwile cordiuals. As seks HMS oce Hae saume as Hae
ordiuals ie 0 omd T howe the samne objecks. T has more wofplisws How 4,
ginee We &zm‘o\oeé Hae orderiug.
T wwonoidal product on & is
cum ) md is dewoled as +,ie Loe bwo o@»d'ed-s maud v in B we hove min X3
0 is Hu neubral o@(jeu\—.'rhue ¥ o wwonoidal uMXoe,cl&‘us (ﬂ)+)0)¢,_3(§)+’0).

(vem Bu cordival swm (coiucides wiklh Hae ordival




Gremacators amd celalons for &

Lot Fin'eho, domole Hre oau,aozj ik
+ 0fjecks: fnile seks ] SOUAALS o@,dm as Fin Sek

* Acrowss : eﬂdew«)v\s bul tawer arrows

Dol with 3T Hae swelelon of Fm‘&’el—o,&ﬁfmé %J io,a,'z,...},

Fow Sk, s M. suhont 0y of B cousiskug oF all ogiecks Guk wikds only  Heg
werk®le arrows. Tlae @bed,ews are Pos&lle only Lor Haa cels il same
cordiualiby, Hae rou‘o\n on 3 is disconveddel but hae covnecded co onemts
for eacta \:.5 d ki

We nolkice Haot T is Hae disioimnt wwion of monord s (adaali
A dumalin eveum Wros)
EV\A z(n]: (‘j

Fcho\H e nolton of BM(16) as caleaortes wilh one oﬁd‘ed—.

mono'd M &9 e 0 ¥ wilh”onl ong o@*e,d_ X

et of M & M*owv:;s:x-;x a d
) il-.x—)x

"W“'\‘eh‘oakwue ooth:os\‘lxou oﬁwows

M‘M\A
J W OWF" c\MA('J»ar @ewm
|— MAM M e ov‘e_o@(]‘ed . P

The Bitedions From v to o (qoe/rmm—o«uws) are Hae orconds in M s @
) i (LEM“ EV\A (n) wi\r{/( SM summ. o v
LOL‘«(A@O%. This allows us bo i Cj s y am %/ oy
2 is Hae cL'sJoiu\lf uwmion, of Hiose d-o@(jac)r co\\.{,t(z)ories'. Y= &lElESK (%o l—n‘v:alarow‘o).

ony , siwee Hae suam ol two @;:Je,da‘cov\s s a

Thams, (Z,+,0) isa monoidal co
@afd‘e_obcow Th 15 qemeraled wonoidall Gé Hrae ch«MsPos{l/l‘om >< (s e,ve,b
SYUMW. (ﬁmw(:: is %.M\.oé @(xj Lrow\s'oos: ‘ws).

Now we hove hwo sufoe,awaoﬁes’ m E:0 amd .

Lovama: Ev acrow in B com be laclored as a Pe/rrvw\-o\l«‘ow Lollowed %3

Hom (ZE)
oA orM-Presza mcvtoji-e ,;’(-’ — 8“ o %
Proob: Hom (&) Hom (8)
f:195 T9% 4§




Lomma:  + is Hhe wpro&uc} m 3.
C,ovxseq/\mw Hiore exisk o Ui gL %(ijww,lfn'c shuduse on (&, +,0).
Rmw: & has also Pm&uo}s, nwwzals\l W carinal Proc\uc)r oorresPomL'V\S to He

TM‘HPIIC,G\MOV‘\ in N men,. Sivmal

Y, as Foc Fu0rd, Hae object 4 s a Vermiual o@d’ed',
Cor eacu nelN, 3 only one umic m UEEY

| C
T o e feKMéLd as a caloprilicalion of N, smee Hae addilkion ISS(VW ‘&\Lj
cordiual sum amd T ¢ Hao or ‘M(Méj PrO(LL\d' fu IV,

(}_c_v\__btaodcu\ Vi ew POk (5):

(4)

Tt or&mo\\ w we ('lJbSUI‘\'@)e,A as Hae caleoo io.).‘_,g._.)____,h_,,'} (A,;re%,_l h_g;M,]on)y

so A was a Lull swhea or\\j of BDA-J((;)EV %é We swelelon §0,1,2,..3.
e

Sinee we hawe no ordenug, Hae cordinals coum represenled as a discrele calenoy
donoltd by w,. TF loowsliwe baas: §0 1 2 .. n-1

Aa‘u“‘) T is o bun 5“"@“’0“'@”)‘0“1 of Bat. The bumctor Gelweam Huse discrele
cawmones is a luumdion on m umbderlyiva sek m, v, | this gives am evwbeddiu
D J 5 ! % N)
DNy ®.

) Lok A e e col Y with w o@;de,d—s aMd WMGIL inwverki Ble ovrrows Berweany
base ofjecs: J 00120 0 n-1} + all composilions.

This aives eq/wivm\wu celabion on v called Hee clhaohe ewwu re\a\A‘w\)

whhare Q,,og,j 's celord Vo we{\j@o . As a?fmfb\ we. obtodn G umor enled
n-gam«f\w.e/:ge lohive o now swelebon for & Qs & Pull cufmteﬁo% of Eat %ivw
?aa {6,1,%,~} Ev% bomchor Man mduws a Pumdo r v - v whicy leads
o

Hae M%AUMS AT,

The Dirsk deseriplion in (4) s beec, Hae secoud iu (2) s Por Pum,
&

(Z,+,0) <3 (Cat, 1, p) i (3) not
is monoidal  m (1)

Ger_k_/e‘Moa\ notelon bor T
Crossiuas are allowed .

"=—F\  toudklon () Loc cadh dok in e source column Huere is exocHu owe
e;'sé s brom 8 oovm‘ug out (cwd 80“:3 to Hae l-wraf} columin). (5

Composikion amd An'sd‘oml- wnron of maps are He somae as bor 4.

@ |



Rmw. Mol Haal Hae oPPoszLe is ot brue : we caunot Faclor We«a MY S Poest
m.orw—-qgmseﬂf\'ms may omd Hom o ?MMLo.uaon ol Hae I.(M.%LJ__

A FWWL&L:OW i mlwo«as * one-ko-one ;wlule Ha orcl.u—r)resew\'v\é isn'k,

The fadorizalion is nok umigare . The Or&x-}oreseﬂfiw Powl— L Umioyme but lor
e permutalion PM}, we howve We Lreedom bo Pexﬁﬁ,‘b@ Haose elewuauts wlucek,
howve e soune iW\aae wadee B

M 12)

Gwo\\n‘ma mo$‘~€sms bor % —s ~. S
- T

RelaKons:

Feom 8 we howe: '—_>=~—.-;> >, >

Feom T: ( from Hae sammlm'c %A"O\Uf)

Sl > - 22X
Na\,wrak\a o Yo huoish.

e 2R
COMMLQLW“Z‘Y ><> = > Tk holds bue siuee 4 is a keminal ofjeck.

d

Proof 1dea. Evua wnwfosihon of aml»m com Be Browgut fm Hae torm of the
PrQNious ferama. LJ(’, CoM vove Hae l’V\?{Sl’S bo Hae leﬂ,u\:ﬁ“[ HA% Lo %ec.ore qn,:j

ol Hae oré,uf-()rege,rv{ms Maps. This 1s bue due Yo the no\meh%j celalons.




