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0. RECALL OF DEEIVITIONS
We Tirst recall tne def. of quivers.

OEF: A quiver @=(0,,GQ4,5,1) Consists of :
Qo a et of vertices

Q1 a st of Grrows
504 = @ map from Amows to Wrkiees , mopping an arrow 10 (t5 starting poni
t: 04— B0 a mop from Grrows 10 Vertices, mopping an Oerow to s Terminail pont,

we repvesmT an tlemeni x€ Qa by dram‘ng an avrow Trom its Starting poni s(«) to its

éndpoint tx) as Tollows : B
S5(x) — 1)

DEF: (01 B be a quiver. Tne poth algebea U of A 15 The algebea with basis The set of all patns in e
Quiyer Q@ and with wm (th‘caﬂm def. On two bags elements ¢, ¢! by

ool = ?c-c‘ if s(c') =te)
o otheruwrse

Thus e prodluct of fwo drbitrary etements Z AcC ZXNe €' ot kB 15 given by Z Acdccc.
c' cc!

. ol oy (¢ X L-n
DEE: Apatn of the form 1 —+ —3 = = =3« given by (il tty,..., & [7) 15 calied on

orientéd cycle . <1



1. ADMISSIBLE IDEALS AUD QUOTIENTS OF PATH ALGEBRAS

(et Q= (R, Q4] be a fiite Quiver, and et A= kR be 5 pat AIQeora . If e Guiver Q has orented
Cycles, then e patn algeorG s mMfitd - dimensional. We wart To Considler Quotients of tht path
aloeord by Crtan ideais and we wouwd Llue Brese Quotienis to be fiite onnengional and
ndecomposoplé as Gn aigeora =2 Concept of admissivie deals,

DEF: Tne arrow (deal Rg of A 15 e two - sided ideal genecated by an arrows m Q.
As Q VeCtor pace, we Can Aeconpost the Ovrow ideoi 0 R =UBa @ LB, @ ... & Ll @ ..
whee LAy 15 e Supspaee of UQ witn basis the set Qe of patns of lengi (.

2
Tne {-In powte of te O (den) n bk decowposed as Rg = 8, Ulm , and # hos a
bagis Conzistng of al patns of lengin greanee or Quan to L.

DEF: A two - gided ideal I of kQ 5 Caned an advnissibld [deal if et ensts an integec m7 A s
Ry €1 <Rg.

If 1 i5 On Qolmissible [deal of k@, ten (R, 1) B Called a bound Quivée anol the Quotien
ageora kA1 15 caned a ound Quiver aIgebrQ,

Revnark 4« Wehowe thot Rg € 1 = the admissivie ideon T covoms o pans of 1engin greater Ox
equal 1o m, which Quarantees that the bound Guiver ageora s finik - dmendional.

If the Quiver dots rot Contain dny ovierted Cycles , ten tere always Hisls m s,
R@m € 1. Tt Suftices to taue m greGntr than e (engtn of the longest pab i Q.
Thus 1'{ & has o ovienied Qyclés ) we hove pwn (deal 15 adwmissble & s Contamed (N /?Zp

Tne condition I¢ PZ guadntees that weé do ot cut any Gvrows when wf 1oue the QuOﬂ‘en‘(‘,‘
hus the bound quivér AigelorQ 15 (OnneCied.

Remori 2 - Suppose thad 1 is an admissible déal which 5 generated by e £16ments 64,65 .., 6s .

For €very Poiic OF vertices 1,y The Llement €x6ity 15 A indar ombianon of potns from A toy,
hencl a vlidtion.

Sincé 6y = x%ng"&j , We see Mo the ([Aeal T is QIS0 @enlrared by e set of rélatrons

§€z<6.-€ﬂ [i(=4,2,..57 X, yeQ,]. s snows thar Tor ety Gdmissibie ideal T,
Ja set of relations o generare 1.

Remoarl 5. A finite- dinnendional algeora # s called bozic it for tvery $et of Primitive ortmogonal
idempotonts §€a .., 0] 8T A= as .+ Cn, wE hak G AEEA & (=

A 5 h_oT LasiC, Aefin€ €4 = €5, + -~ + €y 10 b the Sum of a maxmal sel of Prinitive
ortncgonal idempotents st £,.A % by A & (= j. Then it cln be Shown -

Ay 15 basc and the modull categovies of A and €4A4 are eqQuivqglent.

Hence , from the Point of viéw O repreésenianon tneovy, it suffrees to Consider only



bas'C algeoros.

It can aleo be Shawn that teery BasIC fiarte - Aimencional le-aigelra 5 150 morphiC o a
quotient of a path algebra by an gdmiissibie deal. The vetices of e Quiver of tar Path
algeora are in bjjeckion with a 8¢t o primite, Ortnogonal [dempolents §€4, 6., ..., a5
with he /Wopeﬂy T=Cla~+ ..l A Pl Nnumble df arrows trom ¢ to ¢ 15 e
dimension of te vector gpace ¢, (rad#A [ (rad A%)) ¢

We Can rephrast e aeov€ rémavie as follows :

Frow e point of view of réprisertdnon Theory, the study dof Thte - diménsional
U- algeoras réduces 10 the Study o bownd Guiver algebras.

We now give Jome &xamples régarding Admissible ideals.

\ e
Led B be e Guiver OCC‘/( — 2

Then the iceal I= <x"@, x® 7 s admissible : toke m=3 , then Oy Path ot length 7 3
must contain a®or a3 as A Subpam. = ?; e 7. 1< R (s clear dnce e genteators
of 1 are of lengm 3.

Mow we give an xample thot shaus different relations on e @ame quiver may lead 10 [5omorphil
algebras.

(et O be tne Quiver y z — __ y
A

\3/

and det. o admissible ideals Ta = Cox@+y87 and T =<x@B-y87. Ten Ti* I 1f
Choe(k) #* 2, but the CorvesPonding lbound quver algebras Or€ [0mO-phiC :

/(@/1/, = L{@/Il
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3. PROJECTIVE REPRESENTATION OF BounD QUIVERS

Let (Q,T) be a bound quiver 0vA A-kQ[1 s bound Quivec algeora . For every verlex jeR, , we will
aetf. an indecomposable projechve représeniation Pli) and an indécomposablé injective réprésentation
1(i) of te bound quier (@, 1)

DEE. Let 1 bt any vestex in Q.

@) PLi) = (PU);, fx)jeBy, xeQa , whe PL); (s tne L-vector SPAe witn basis tne et of all
residue classes c+1 of pomms ¢ from i 10 j m @ ;
and i ) 254 5 o orrow in Q, hen Yy Pi)j = Plile 18 the (mear map def. on tne
bosis by omposing tne pams tvom 1 1o J Wil the avow j 54 , ot 1S
b (C+T) = Cx+ T

) 1) = (I(l‘)j, ‘\OK)Je&o,o(e&, wheré IU)J‘ I8 e L-vector Spac witn basis the S of aul
resioul classes c+1 of patns ¢ from j 1o [ in & ;
and if J %L s on Grvow n B, ten b :lcl')J — I(i)¢ s e hviear map def- on the
bosis by Qeleting e arrow ) =5 { from those pams from j 10 [ which storl witn «
and gendin@) to 2erC e pams thod do rol Slarl with «, thod IS,
e et e

10 otherwise

We now 9ive an €xample

s (e O b the quiver 6 ¢ 1
rs\ E) ‘/U
and T=<xp-¥8,@e, 806 7. Tén
1 2 E 4 &
Pla) = 2,2 Pl2) =y Pla) - ¢ Ply)=2 P5)-¢C Ple)= 6

DEF: @) let A be o tnite - dimensional k-algebra , and 161 M € mod A.

The intersection of all moaximal suomodules o M is caled e radical vod (M) of the
moduld M.

() The Quotieni Mlrad M is calied tne top of M and its denoted by top M.

LEM « (el A= “B/1 b a bownd Quiver algeora and Pl = (P, Yx) he imdecomposable prajective
repregetation at Veex i Tnen vod PU) = (PL)j , fu ), whee Pl)j = PL)j if 1=, and P
S e vector space Spanned by Ce+11 ¢ s a nonconstont Path from [ to iY and

"P«) = Ya /?(i

]
)SCoc)'

In particular, top (P) = 8(i).

Proot will be omited.



In the example Goovt | we nowe

? 4
rod P(1) = 24 mol P(2) = i md P(3)= &
raol PLY) = & radP(s) =& radPle) = 0

4 HOMOLOGICAL DIMENSION

In this section , we aef. tme projective dimendion (" measures howTar Q module is Trom bemng projective ")
and the global dimension ("measures how Tar an aigebra 1§ Trom being heredidory”’) of an algeora.

DEF: (e1 M be an A - module. Tne projective dimension paM of M is the Smalgst ineger d st. thece enigls
a projechve resolution of the Torm

0 —>8H — Bia > . P, > P, M —— 0
If no such resolution engis, then we fay tat M has ittt projechive dimension.

Dually, e njechve dimendion idM of M IS The §malest integer A §1. tece oxigts an injective
Y ) ]
résolution of the form

0 — M 7, Y T, — . > 1o-4 ? Tal 2 0.
Tf no such resolution erists, then wé Ay thot M nas mTmite rmjech've dimendion,

The gloal dimension gldimA of the aigeora A s ael. aS the Supremum o ™e projective dimensions
of al A - modules, thoi is, 9ldimA =suplpdM [ Memed AT

Remavl : The global dimension ol A can equivalently be def as the Supremum of e mjeckive
dimension$ of all A- modules.

Remawle: 1. A module M ig projechivé & pdM =0
2. An algtorQ A (S hereditory & gldimA £ 4

5
“Tne algebra given by e uiver 1 X5 2 ¢ 5 5 4 — 5

bound by @ =0, y§=0 i of global dimension 2. Tne Tacl than /s at least 2 can be
Seen by computing A miimal projective résolunion Tor e Simple module S(4)

0 — P(»») — Pl2) — PU4) — S(4) —> O

which shows thot pd$(1) = 2.
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PROBLEMS
e 2 X
4. Ll B ve e uivex Y / T A

T, T

onol del. two i0eos Tn= Cx@+ Y87 avad To= Coxfo - 87 . Snow tn
A Ta# Ty waless e cnaeacterisic of kK is 2.

We ceady nowe tow Kb+ Y8 + xb-y8 > 8§+ -y§ i o) =2
A, tece exisds a1 isomorpvism of olgeoas K8[1, — K&/I,_

1n %Ol1, we vowe tne vedsion XB+YS =0 & o= -8 We vole o -y8 is o lineoe
cononnion ol tne vost Y8 and teefoe a lneae comomnowion of x® sne (& = - oxp

tosis o “Cl1a e+ Ba=904 0 0o, by, B, Y. 8, 0BT

Tn @ [T we W@ tne reloron xB-¥$=0 & oG- y&. So i Tohows Mo e vases of K@hz G -

B, "%Qmet,ﬁ«,.@q, M,@LY.S,(X@E

=B, =B, = e tits an com, Gz, — K8z,

2
2. Lot B e e Quives y? g
A

¥ ° v

onad def. two idens Tu = Y87 ond Tp = (8- x@ES7
snow tow KOl1, =2 ¥8|g,

We gt vigle ot Ta* T 6nd vl @ voses 6l kB e -
{‘@A |Q.'L |e47\ Q“\\ul©|\6|8) Oﬂ(b.o((bg |KSS

In K&lIA Wl NOwZ e osion 58 =0, 0 i fonows W edione) tnor e \oses ot U@ 14 oo
%A = i‘eA |Q.'L |e47\ e“\\(x|©|\6l8) m@.b((bg}

T %811, we noe e @amon & -xBe=0 & g§=xpS 20 U Tolows o tne voses K811, e
62 ={€A A Ie"y\ eq\°‘l©l6‘l8! m@,b(@%}

= “&m and “Clr, nawl tne sane ooses = Blg, K8z,
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5. Let B ve e Quives

ond olel. two i0eas T, - (y§.887 nd Ty=(y8- B8, 827 . Snow KO g, 2 k@l,Lz

we fieed nole o Ta + 1, 0vnd Wak e poses 6l KB e
P04t o, 0 %, Y, 8,8 0f, 0B, o@SE , KPSty B8, p8C, pBEX, E8LY, 6L, 82y, BEX, 8¢xd

Gy . 2, 8y, e enpS | Y8, 8L, 8K, Y8ueS

In “@m we NOvE the veoson YE=0 and 8§¢=0. So it follows hon e voses ol KQ TA 0 -
Br =10 0 s, 04, X, By 8,6, 0B, 0BS, B, BY, 8, X, ExeS T

0 *C1, we nave g reosion E-ub8=0 & y8=xp3 and &&=0. 50 it Totows tmow e vases of “Ql1, g -

Be=10a e o, b X, B Y, 8, €, X, xBS . BS, £Y, &K, TXBS , LKB |

= Br-B, & Ty N0 tne same wose 2 <G, 2 ¥R,

U Giwe on xample & o vownd Quive Moo dl gowd divvension %
Wt 1okl tne Quiver
)
125t Ty > 5

ond Madiftd the relakons 10 «@y =0 , yg =0 . Ten 1€ mimimal projeckive résolution

for the Simplé moduie S(1) becomes

7 plY) — PR) —— Pl1) — $(1) — 0

0 > PL5)

which shows thod pdS(1) = 3. This Aigebra has global oimension 3.
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