Representation theory of monoids

Or: Cell theory for monoids

Daniel Tubbenhauer

CELL THEORY

.. and we are all
made up of Finy unils Interesting
Hhat | call "bumqns." theory

r H-cells

Part 2: Reps of algebras; Part 3: Reps of monoidal cats
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Where do we want to go?

Fusion reps Fiat reps

rep theory

“categorify”

Group reps Monoid reps

generalize

Fiat mon-
oidal cats

Fusion mon-
oidal cats

Groups l—' Monoids

» Green, Clifford, Munn, Ponizovskii ~19404+4 + many others
Representation theory of monoids

» Goal Find some categorical analog
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Where do we want to go?

Fusion reps

rep theory

“categorify”

. Group reps
generalize

Fiat mon-
oidal cats

Fusion mon-
oidal cats

Groups l—' Monoids

Fiat reps

Monoid reps

“Categorify”
ey

is motivated by

» Green, Clifford, Munn, Ponizovskii ~19404+4 + many others

Representation theory of monoids

» Goal Find some categorical analog

Cell theory for monoids p ion theory of
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Where do we want to go?

» Talk 1 Monoids and their reps

ON THE STRUCTURE OF SEMIGROUPS X< y«edziy=2x

By J. A. GREEN
(Received June 1, 1950)

» Talk 2 The linear version of talk 1

x<pyeIZ: y=x

x<py&e3z,7 y=zx7

Representations of Coxeter Groups and Hecke Algebras X<y dziy @zx

David Kazhdan' and George Lusztig?*

Inventiones math. 53, 165— 184 (1979)

» | Talk 3| The categorical version of talk 1

ANALOGUES OF CENTRALIZER SUBALGEBRAS FOR FIAT
2-CATEGORIES AND THEIR 2-REPRESENTATIONS
MARCO MACKAAY®!% VOLODYMYR MAZORCHUK “%, VANESSA MIEMIETZ
AND XIAOTING ZHANG®S
(Received 23 February 2018; revised 5 November 2018; accepted 7 November 2018;
first published online 4 December 2018)

x<py&eIZ: yax
x<py&ez,7:y @zxs

X<, Ye3Z:YerX
X<,Ye3Z:YeX
X< rY 32,7 Y eZX7
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The theory of monoids (Green ~1950++)

Magma

divigibility ~ identity

associativity

Quasigroup Unital

associatvity. magmay divisibility

identity identity

invertibility Inverse associativity

Loop semigroup Monoid

ideRtity

associativity inverdtibility

» Associativity = reasonable theory of matrix reps
» Southeast corner = reasonable theory of matrix reps

Cell theory for monoids

p ion theory of i August 2022
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The tH Adjoining identities is “free” and there is no essential difference between
semigroups and monoids

The main difference is monoids vs. groups

I will stick with the more familiar monoids and groups

Quasigroup Unital Semigroup,
1ssociativit maam divisibilin

monoids

semigroups

%

f

Forget
| X ——— )

Unit

monoid map semigroup map

MONOIDS

SEMIGROUPS

» Associativity = reasonable theory of matrix reps

» Southeast corner = reasonable theory of matrix reps
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The tH Adjoining identities is “free” and there is no essential difference between
semigroups and monoids

The main difference is ' monoids vs. groups

I will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss
-~ |

‘ ;
- |
|
3
1 !

LOST
DATA

S '
’ gy IF FOUND PLEASE CALL
» Associativi 'n -IﬂLl' l‘

» Southeast
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The tH Adjoining identities is “free” and there is no essential difference between

semigroups and monoids

The main difference is ' monoids vs. groups

I will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

Pl I

» Associativity 5

» Southeast cor

Monoids appear naturally in categorification

Group-like structures
Totality® Associativity Identity Invertibility Commutativity

Cell theory for monoids

Semigroupoid  Unneeded Required  Unneeded Unneeded Unneeded
Small category ~ Unneeded  Required  Required Unneeded Unneeded
Groupoid Unneeded Required  Required  Required Unneeded
Magma Required Unneeded Unneeded Unneeded Unneeded
Quasigroup Required Unneeded Unneeded Required Unneeded
Unital magma Required Unneeded Required Unneeded Unneeded
Semigroup Required  Required Unneeded Unneeded Unneeded
Loop Required Unneeded Required  Required Unneeded
Inverse semigroup Required  Required  Unneeded Required Unneeded
Monoid Required  Required  Required Unneeded Unneeded
Commutative monoid Required ~ Required  Required ~Unneeded Required
Group Required  Required  Required  Required Unneeded
Abelian group  Required ~ Required  Required = Required Required

p ion theory of

August 2022
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The theory of monoids (Green ~19504++)

Examples of monoids
Groups
Multiplicative closed sets of matrices

Symmetric groups Aut({

(24138567) «MM N

Transformation monoids End({1, ..

(23135555) w% [\
| 4

» Southeast corner = reasonable theory of matrix reps

Cell theory for monoids p ion theory of i August 2022



The theory of monoids (Green ~1950-++)

Example

Z is a group ' Integers

N is a monoid

Quasigroup Unital = roup;
associativity yyy o vy o/ divicihiling
Example

C, = (ala" = 1) is a group | Cyclic group

TUSRIITY ) 0
associativity\ invertibility /

Example (now with notation)

Sn = Aut({1, ..., n}) is a group 'Symmetric group

T, = End({1, ..., n}) is a monoid _

» Associativity = reasonable theory of matrix reps

» Southeast corner = reasonable theory of matrix reps
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The t

Finite groups are kind of random...

51,1, 2,1, 14, 1
2, 4,27,1, 4,1

A000001 Number of groups of order n.
(Formerly M0098 N0035)
e,1,1,1,2,1,2,1,5,2,2,1,

5,1,2,1, 14, 1, 5, 1, 5, 2, 2,
,14,1,6,1, 4,2,2,1,52,2,5,1,5, 1,
, 4,1,5,1,2,3,41,6,1, 52, 15, 2, 1
Log(H)

200 400 600 800 1000

1, 15,2, 2,5, 4,1, 4,1,
15, 2, 13, 2, 2, 1, 13, 1,
, 15,1, 2,1, 12, 1, 10, 1,

A058133 Number of monoids (semigroups with identity) of order n, considered to be
equivalent when they are isomorphic or anti-isomorphic (by reversal of the

operator).
0, 1, 2, 6, 27, 156, 1373, 17730, 858977, 1844075697, 52991253973742 (list; graph; refs; listen; history;
Log(H)
)

30
25
20 *
15

> A ?
10 )

.

5 .

> S L e !

4 6 8 10 n
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The t

Finite groups are kind of random...

A000001 Number of groups of order n.

(Formerly M0098 N0035)
0,1,1,1,2,1,2,1,5,2,2,1,51,2,1,14,1,5,1,5,2,2,1, 15 2,2,5 4, 1, 4,1,
51,1,2,1, 14,1, 2,2, 14,1, 6, 1, 4, 2,2,1,52,2,5,1,5,1,15,2,13,2, 2,1, 13, 1,
2,4,27,1,4,1,5 1,4,1,5, 1,2, 3,41,6, 1, 52, 15, 2, 1, 15, 1, 2, 1, 12, 1, 19, 1,

Log(H)

|

Monoids have almost no structure
and there are zillions of them
= not clear that there is a satisfying (rep) theory of monoids

Spoiler There is ;-)

200 400 600 800 1000

Number of monoids (semigroups with identity) of order n, considered to be

A058133
equivalent when they are isomorphic or anti-isomorphic (by reversal of the
operator).
o, 1, 2, 6, 27, 156, 1373, 17730, 858977, 1844075697, 52991253973742 (list; graph; refs; listen; history;
Log(H)
.
30
25
.
20
15
°
10 [ ]
.
5 L]
. L]
B 4 6 8 10 n
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The theory of monoids (Green ~1950++)

The cell orders and equivalences:

x<, y& dz:y=27x
x<py&edZ:y=x

x < py&dz,Z:y=2zx7
x~py & (x<py) Ay <ox)
x~ry << (x<py)A(y <rx)
x~RrY & (x <ir y) A (Y <ir X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» H-cells = intersections of left and right cells

» Slogan Cells measure information loss

Cell theory for monoids

p ion theory of i August 2022
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The theory of monoids (Green ~1950++)

J. L

Hi1 Hio His Hia
Hot Hoo | Hos Hoy
R| My § Ha | Haz | H
31 32 33 ‘ 34 H(L.R)

» Cells partition monoids into ' matrix-type-pieces

» L and R-cells &~ columns/rows
August 2022 3/7

Cell theory for monoids p ion theory of



The theory of monoids (Green ~1950++)

J. L

Hir ¢ Hiz ¢ Hag Hi1q
Hor @ Hoo i Hog Hoy
........... .., PP
R Hz | Hao Hss H3a
< H(L,R)
» H-cells = intersections of left and right cells

» The J-cells are 'matrices with values in H-cells

August 2022 3/7
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The theory of monoids (Green ~1950++)

J. L

Hi Hio Hi3 Hiy
Hot Hoo | Hos Hoy
Ro| Ha | My | Hay i H
31 32 33 ‘ 34 H(L.R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss

August 2022 3/7
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The theory of monoids (Green ~19504++)

A

L

Example (group-like)

All invertible elements form the smallest cell

Hot Hao Hos Hoy
Hs1 : Hso | Hag ; H3a
e i .\

H(L,R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss

Cell theory for monoids p ion theory of

August 2022 3/7



The theory of monoids (Green ~1950++)

A

Example (cells of N)

Every element is in its own cell, only O is idempotent

Hi1

Example (group-like)

All invertible elements form the smallest cell

= [} [l
W TR NN EEEEEE RN AN EEEEEEEEEEREEEEEEEEEEEE

Hos Hoaa

Hss

N T )
R L I I I R

H(L,R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss

Cell theory for monoids

p ion theory of

August 2022 3/7



The theory of monoids (Green ~1950++)
Example (cells of N)

Every element is in its own cell, only O is idempotent

Example (cells of G, idempotent cells colored)
H11 7 Bt He) = 7/22
T2 a?
Ta a
Ho1 T 1 Hie) =1
....................... L R,

S e R

L R T

&=

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss

Cell theory for monoids p ion theory of i August 2022 3/7



The theory of monoids (Green ~1950++)

Example (cells of N)

Every element is in its own cell, only O is idempoten

t

Example (cells of G, idempotent cells colored)
H11 7 Bt He) = 7/22
T2 a?
Ta a
7‘[21 T Hie) =1
J{Example (cells of T3, idempotent cells colored; more ina second)
R S
N ‘/I\ H(e) = S
SES SRS NS
w ASRR AN IER s
ZAAIAAR A TR
» Eag 5 Il e .

» Each 7 (e) is a maximal subgroup [No internal information loss

Cell theory for monoids

p ion theory of

August 2022
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The theory of monoids (Green ~19504++)

Fad
‘-7\ Computing these “egg box diagrams” is one of the main tasks of monoid theory

D A

same information

information loss

GAP can do these calculations for you (package semigroups)
» Each 7L contains No of I [GEMpPOTeNnt &; every € 15 contamed I Some 71(€

» Each #(e) is a maximal subgroup |No internal information loss

Cell theory for monoids p ion theory of i August 2022 3/7



The theory of monoids (Green ~1950-++)

» E4

\

~

TITTTTTTTTT |

i’ :
D—:ED]ZD]—HEE@_ ‘I\I\IIIII\II\I_
ymnmm

[
-
A\

=
/

/

O1Td
(EEENEE]

O

N

Examples (no specific monoids)

[EETEE

//:/\

I

N

/

[TTTTT

1

\J

[(ITIITITIT1ITT11]

Grey boxes are idempotent H-cells

» Each 7(e) is a maximal subgroup [No internal information loss

Cell theory for monoids

ion theory of

August 2022
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Cells of some diagram monoids

Connect eight points at the bottom with eight points at the top:

or

(24637158)

We just invented the symmetric group Sg on {1, ...,8}

Cell theory for monoids p ion theory of i August 2022
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Cells of some diagram monoids

e Wan ) Rar

79 O\ A

My multiplication rule for gh is “stack g on top of h"

Cell theory for monoids p ion theory of i August 2022
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Cells of some diagram monoids

» We clearly have g(hf) = (gh)f
» There is a do nothing operation 1g = g = g1

» Generators—relations (the Reidemeister moves)

R3] [

Cell theory for monoids p ion theory of i August 2022 4/7




Cells of some diagram monoids

Allow merges and top dots:

N top dot
$ é 4 3
(23135555)
merge —=

) é $ $
= NN NN

We just invented the transformation monoid Tg on {1,...,8}

Cell theory for monoids p ion theory of i August 2022
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Cells of some diagram monoids
X =

: TR

My multiplication rule for gh is “stack g on top of h"

Cell theory for monoids p ion theory of i August 2022



Cells of some diagram monoids

» Generators—relations for S, C T, (the Reidemeister moves), e.g

R3] [P

» Generators—relations for the non-invertible part of T,, e.g.

é 4 3

$
N=RIN DY)
gens : , rels: = , =

» Interactions, e.g.
é
e N e

Cell theory for monoids p ion theory of August 2022 4/7




Example (cells of T3, idempotent cells colored)
Cells of so

(111)
N/ (222) H(e) = S
(333)
(122), (211) | (121), (212) | (221), (112)
TIm (133), (311) | (313),(131) | (113),(331) H(e)=S,
(233), (322) | (323), (232) | (223), (332)

o BB o

» Generators—reratromsTor T oV e TIoTe PartoT Ty B

é d é ¢
N-RIN Y
gens : , rels: = , = \
» Interactions, e.g.
é d
:N =

ion theory of August 2022 4/7

» Genera
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Example (cells of T3, idempotent cells colored)
Cells of so
(111)
222 H(e) = S
» Genera F 5333; () 2 5
(122), (211) | (121), (212) | (221), (112)
I (133), (311) | (313), (131) | (113),(331) #H(e)= S,
(233), (322) | (323), (232) | (223), (332)
(123), (213), (132) -
T (231), (312), (321) Hi(e) = 55
» Generdr—r=rrr~—ror——r—rrerrrererre
Example (cells of T3, idempotent cells colored)
r ¢ 4 ‘
g ¢ é
T ‘/l\ H(e) = S,
—1
» Interaci | N% H\‘><\‘ Hﬁl\‘\.
o AR ISARR IS TEER o
AARIAAXK A =<
5 R oes
R eSE=
Cell theory for monoids theory of August 2022 4/7




Cells of some diagram monoids

Theorem (folklore)

> J-cells of T, are given and ordered by through strands A

All J-cells contain idempotents

L-cells correspond to fixed bottom ({ %} many), R-cells to fixed top ((}) many)

H(e) = Sx for A = # through strands

NI 1IN \XNT7r r\

» Generatars—relations for the non-invertible nart of T. e o

N/

» Interaci

T

Example (cells of T3, idempotent cells colored)

AN He) = s,

1< 1 s

Cell theory for monoids

p ion theory of i August 2022
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Cells of some diagram m

» Generators—relations fq

gens : ><,

» Generators—relations fq

N
gens : ,

» Interactions, e.g.

Example (Ts via GAP)

s moves , €.2

2

T, eg.

h‘

Cell theory for monoids

p ion theory of

August 2022
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Cells of some diagram monoids

More examples (details on the exercise sheets)
Planar (left) and symmetric (right) diagram monoids, e.g.

Symbol | Diagrams Symbol | Diagrams

AL
pPa Pa
LAY g

é ¢ ¢ U/
Mo,, / RoBr,
A e

T \/ Y B
n I'n
AN

P

T

)

¢ ¢ ¢ ¢
pRo, Roy,
* e * e
s LT = IO
N

The (planar) symmetric groups pS,,, S, are |groups = Boring cells

Cell theory for monoids p ion theory of i August 2022
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Examples lanar) partition monoid pPa,, Pa, via GAP
Cells of sonl ples ((planar) p pPay, )
More examj
Planar (left)
S
O 3
]
_— N
4
N
n .
The (planari=yrrecregroapspomromorcgroops——oorms =
Cell theory for monoids p ion theory of i August 2022
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Cells of |Examples (Motzkin + rook Brauer monoid Mos, RoBr; via GAP)
More e
Planar (|
|
ni ;
|
The (pl 7 4 L =J T T T L o T i=J
Cell theory for monoids p ion theory of i August 2022
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Cells of Examples (Temperley—Lieb + Brauer monoid TL4, Brs via GAP)
More ex
Planar (|
The (pl— 7 T (=] L T n’ T [=) ™ S
Cell theory for monoids p ion theory of i August 2022
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Cells of some diagram monoids

Maovo avamnlac [(dataile an tha avarecica chaate)

Examples ((planar) rook monoid pRo;, Roz by hand)

NI ARY T
6l 7

TN Sk N, MO
NN
NS

112

The (planar) symmetric groups pS,,, S, are | groups = Boring cells

Cell theory for monoids p ion theory of i August 2022




The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V, S is some monoid

» A K-linear subspace W C V is S-invariant if S. W C W |[Substructure

» V £ 0 is called simple if 0, V are the only S-invariant subspaces Elements

» Careful with different names in the literature: S-invariant «
subrepresentation, simple «~ irreducible

» A crucial goal of representation theory

Find the periodic table of simple S-representations

Chemistry | Group theory | Rep theory
Matter Groups Reps
Elements Simple groups Simple reps
Simpler substances Jordan—-Hélder theorem Jordan—Holder theorem
Periodic table Classification of simple groups || Classification of simple reps

Cell theory for monoids

p ion theory of i August 2022 5/7



The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V/, S is some monoid

> A Kolinear Frobenius ~189544 and others bstructure

. For groups and K = C rep theory is really satisfying
> V # 0 IS Ca [A=ie] DIIII}JIC T U7 '’ darc CITT \Jllly o nrvarrartc DUUDIJ Ces Elements

» Careful with different names in the literature: S-invariant «
subrepresentation, simple «~ irreducible

» A crucial goal of representation theory

Find the periodic table of simple S-representations

Chemistry | Group theory | Rep theory
Matter Groups Reps
Elements Simple groups Simple reps
Simpler substances Jordan—Holder theorem Jordan—Holder theorem
Periodic table Classification of simple groups || Classification of simple reps

Cell theory for monoids

p ion theory of i August 2022 5/7



The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V/, S is some monoid

> A Kolinear Frobenius ~189544 and others bstructure

. For groups and K = C rep theory is really satisfying
> \/ # 0 IS Ca [A=ie] DIIII}JIC T U./ '’ darc CITT Ullly - Irrvarrarrto DUUDP Ces Elements

» Carefl What about monoids?

subre] Me: Probably not much better than general algebra rep theory...

Jeez, was | wrong...
» A crucial goar of representation theory

Find the periodic table of simple S-representations

Chemistry | Group theory | Rep theory
Matter Groups Reps
Elements Simple groups Simple reps
Simpler substances Jordan—Holder theorem Jordan—Holder theorem
Periodic table Classification of simple groups || Classification of simple reps

Cell theory for monoids

p ion theory of i August 2022 5/7



The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V/, S is some monoid

» A K-linear g

Frobenius ~189544 and others

For groups and K = C rep theory is really satisfying

» V£0isca

TCO STTTPTC 1T U, v_arc tnc Oy o-nivarraiit SuuSpP

bstructure

ces Elements

» Carefy
subref

What about monoids?

Me: Probably not much better than general algebra rep theory...

Jeez, was | wrong...

» A crucral goal of representation theory

Che

M ON SEMIGROUP ALGEBRAS

By

Ele
Simpler
Periog

Clifford, Munn, Ponizovskii~19404+4 and others

MATRIX REPRESENTATIONS OF COMPLETELY SIMPLE

SEMIGROUPS.* ]9/

By A. H. CLIFFORD.

(o] MaTpPHYHBIX MpPeNCTABJCHHAX ACCOUHATHBHBIX cuctem *

W. D. MUNN
M. C. lMonusoscknit (Kemeposo) 1956

Received 21 July 1054

The rep theory of monoids is much better than expected!

eorem
ple reps

Cell theory for monoids p ion theory of

August 2022
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The simple reps of monoids

Clifford, Munn, Ponizovskii ~19404++ | H-reduction
There is a one-to-one correspondence

Simples With onhe-to-one Simples Of (any)

—
apex J(e) H(e) C J(e)
Reps of monoids are controlled by #(e)-cells

» Each simple has a unique maximal J(e) whose H(e) does not kill it Apex

» In other words (smod means the category of simples):

S-smod 7(e) ~ H(e)-smod

Cell theory for monoids p ion theory of i August 2022 5/7



Example (anti apex predator)

Blue whale K|Iler whale

Penguin Elepham seal
j Krill Squid
7@}( Phytoplankton /
B
Zoop\ankton @
Seaweed Crab

“Apex = fish” means that the red bubble does not annihilate your rep and the rest does

J-reduction = existence of apexes
Basically, there is a monoid S associated to fish with

Simples of Sz & simples of S with apex fish

Cell theory for monoids p ion theory of i August 2022 5/7



The simple reps of monoids

Clifford, Munn, Ponizovskii ~19404++ | H-reduction
There is a one-to-one correspondence

simples with] one-to-one [ Simples of (any)

apex J(e) H(e) C J(e)

Example (groups)

R Groups have only one cell — the group itself |
s

H-reduction is trivial for groups

» Each simple has a unique maximal J(e) whose #(e) does not kill it Apex

» In other words (smod means the category of simples):

S-smod z(e) =~ H(e)-smod

Cell theory for monoids p ion theory of i August 2022 5/7



. Example (cells of G, idempotent cells colored)
The simple reps
$ a3,a4 H(e) = Z/QZ
Clifford, Munn, T2 a?
There is a one-tg A a
. T 1 Hie) =1
simple (any)
Three simple reps over C:
d pex one for Jp and two for J; j(e)

Reps of monoids are controlled by #(e)-cells

» Each simple has a unique maximal J(e) whose #(e) does not kill it Apex

» In other words (smod means the category of simples):

S-smod z(e) =~ H(e)-smod

Cell theory for monoids p ion theory of i August 2022 5/7



The simple reps

Clifford, Munn,
There is a one-td

simple

apex

Example (cells of Gz, idempotent cells colored)

T ad,at H(e) =Z/2Z
T2 a?

Ta a

N 1 Hie) 21

Three simple reps over C:
one for Jp and two for J;

(any)
7 (e)

» Each simple

» In other wor

I
g

Example (cells of T3, idempotent cells colored)

r LR
/'\. H(e) = S
—
RIS A NN
=S SR IS R o
PAARIAAARA =R
RYE o-s
P <=

Six simple reps over C:
three for 75, two for J, and one for J;

Cell theory for monoids

p ion theory of

ot kill it 'Apex

August 2022
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The simple reps of monoids

Clifford, Munn,

Ponizovskii ~19404+ | H-reduction

There is a one-to-one correspondence

simplg
apex

» Each simpld

» In other wol

Example (cells of G, idempotent cells colored)

T aat Hie) =1/2L
T2 a?

Ja a

% L M=

Trivial rep of 1 induces to Cz2 and has apex Jp
T2, T2, T act by zero

Trivial rep of Z/2Z induces to Gz and has apex J;

(any)
7 (e)

bt kill it Apex

Cell theory for monoids p

J'Dllluuj(e) — n\C‘}'DlllUu

ion theory of

August 2022
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The_simnle rens of manoids

Clif]
The]

Example (no specific monoid)

pick — Wl
\
pick —%

\

/
pick ——»
pick -
\/

pick ——— W

Five apexes: bottom cell, big cell, 2x2 cell, 3x3 cell, top cell
Simples for the 2x2 cell are acted on as zero by elements from 3x3 cell, top cell

H-reduction It is sufficient to pick one #(e) per block

Cell theory for monoids

p ion theory of

August 2022
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The simple reps of monoids

Clifford, Munn, Ponizovskii ~194044 | H-reduction

» There are cell representations

Cells can be considered S-representations, called cell reg i or Schiitzenberger represen-
tations, up to higher order terms:

Lemma 3B.1. Each left cell £ of S gives rise to a left S-representation Az = KL by

anle Ag {3’ paleL

Similarly, right cells give right representations g and J-cells give birepresentations (often called
bimodules). We have dimg (Ar) = |£] and dimg (rA) = [R].

» There is a sandwich matrix which takes values in the H-cells

» There is an isomorphism of rings

[S-mod] & H [H(e)-mod]
J(e)

» S is semisimple if and only if all J-cells are idempotent and square, all H(e)
are semisimple + a condition on cell representations

» Many more...
Cell theory for monoids p ion theory of i August 2022 5/7




The simple reps of some diagram monoids

N—
7 AN H(e)= S,
—

[N IR AN

o AR SRR IN R o
IAARTAAIR A =

5 1R .

X
y ok
T

» The transformation monoid T3 has three apexes, five left cell modules A(, 7),
seven right cell modules V(A, i)

» Over C we find 34241 simple modules

Cell theory for monoids p ion theory of i August 2022 6/7




11 A The bottom cell

A(b) is the regular rep of S3 inflated to Ts:

QJ | S<ea D,J Mwbl

» The transformation monoid T3 has three apexes, five left cell modules A(A, i),
seven right cell modules V(, i)

» Over C we find 34241 simple modules
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11 A The bottom cell

A(b) is the regular rep of S3 inflated to Ts:

T e o
‘: L

The middle cell, left column (the others are similar)

A(m, 1) is the regular rep of Sz induced to Ts:

5/{ A < D/“ s e
] A

» The transformation monoid 73 has three apexes, five left cell modules A(\, /),
seven right cell modules V(\, /i

» Over C we find 34241 simple modules

Cell theory for monoids p ion theory of i August 2022 6/7




11 A The bottom cell

A(b) is the regular rep of S3 inflated to Ts:

T e o
‘: L

The middle cell, left column (the others are similar)

A(m, 1) is the regular rep of S; induced to Ts:

b/lt//wmd D‘/“ s e
VA*,HM

» The transformation monoid T3 has three apexes, five Teft cell modules ()\, i),
seven right cell The top cell

» Over C we find |A(t) is the regular rep of S; induced to T3

Cell theory for monoids p ion theory of i August 2022 6/7




The simple reps of some diagram monoids

The bottom cell over C

A(b) contributes three simple of S3 that inflate to T3
Tt dims are 1, 2, 1 as T3 reps H(e) = S,

—

[N RS AN

o AR SRR N R o=
IAARTAAIR A =

5 |1 R< 1

» The transformation monoid T3 has three apexes, five left cell modules A(), 1),
seven right cell modules V(, i)

» Over C we find 34241 simple modules

Cell theory for monoids p ion theory of i August 2022 6/7




The simple reps of some diagram monoids

The bottom cell over C

A(b) contributes three simple of S3 that inflate to T3
Tt dims are 1, 2, 1 as T3 reps 74(e) = S,

1

The middle cell over C

A(b, 1) contributes two simple of S, that induce to T3 (one of them decomposes), e.g.

| A=

is an Sp-invariant vector + track its image ~~ simple
dims are 3, 2 as T3 reps

T T TT T TT A}

» The transformation monoid T3 has three apexes, five left cell modules A(A, i),
seven right cell modules V(, i)

» Over C we find 34241 simple modules

Cell theory for monoids p ion theory of i August 2022 6/7




The simple reps of some diagram monoids

T

The bottom cell over C

A(b) contributes three simple of S3 that inflate to T3

dims are 1, 2, 1 as T3 reps

1

The middle cell over C

| A=

dims are 3, 2 as T3 reps

is an Sp-invariant vector + track its image ~~ simple

A(b, 1) contributes two simple of S, that induce to T3 (one of them decomposes), e.g.

» The transformatio
seven right cell m

» Over C we find 3

Cell theory for monoids

T T TT T TT A}

The top cell

A(t) contributes the trivial T3 module
dim is 1 as T3 rep

Z T L SITTTPTT TITUUuUTTS

p ion theory of

ft cell modules A(\, /),

August 2022
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8 Sandwich matrices for the middle cell
The simpl
€triv €triv €triv €triv 0 0
etriv €triv €triv €triv 0 0
Sm,tTiU — €triv €triv 0 0 etriv €triv
€triv €triv 0 0 €triv €triv
0 0 €triv €triv €triv €triv
L7/ 0 0 €triv €triv €triv Ctriv = 51
€sign “E€sign €sign “E€sign 0 0
—€sign €sign “E€sign E€Esign 0 0
Sm,sign _ €sign “Esign 0 0 —€sign €sign
- —€sign €sign 0 0 €sign —E€Esign
I 0 0 —€sign €sign TE€sign Esign =S,
0 0 €sign —E€sign €sign “Esign
Ranks are 3 and 2 = dims of simples
T e = S3

SRS

» The transformation monoid T3 has three apexes, five left cell modules A(), 1),
seven right cell modules V(, i)

» Over C we find 34241 simple modules

Cell theory for monoids p ion theory of i August 2022 6/7



The simpl

T

t7771

T

Sandwich matrices for the middle cell

€triv €triv €triv €triv 0 0
€triv €triv €triv €triv 0 0
S”l’l’l,t?”i’U — €triv €triv 0 0 €triv €triv
€triv €triv 0 0 €triv €triv
0 €triv €triv €triv €triv
0 0 €triv €triv €triv €triv
€sign “E€sign €sign “E€sign 0 0
—€sign €sign “E€sign E€Esign 0 0
Sm,sign _ €sign “Esign 0 0 —€sign €sign
- —€sign €sign 0 0 €sign —E€Esign
0 0 —€sign €sign “E€sign E€sign
0 0 €sign —E€sign €sign “Esign

Ranks are 3 and 2 = dims of simples

» The tra

Theorem (folklore)

The simple T,-reps are L(A, K) for K a simple Sx-rep
Unless K is the sign Sx-rep the induction to the cell is simple
For K = sign the L(\, K) are of dimension (7_})

A—1

seven right cell modules V(, i)

» Over C

Cell theory for monoids p ion theory of i August 2022

we find 134+2+1 simple modules
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The simple reps of some diagram monoids

0

0

o X
5

J1

)\

Y

X

T3

X
o
I

X
X

» The Brauer monoid Brs has two apexes, four left/right cell modules
» Over C we find 3 4+ 1 simple modules

» Other diagram algebras are similar; more on the exercise sheets

Cell theory for monoids p ion theory of i August 2022
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Summary

The sin
H-reduction reduces | monoid rep theory to |group rep theory
J. L
J Hi Hiz i Has Hia

——1— H(L,R) =Mss

Q©

Clifford, Munn, Ponizovskii ~1940-+ (#-reduction)
There is a one-to-one correspondence

simples with] onetoone [Simples of (any)

apex J(e) H(e) C J(e)

» Th

» Ov
Reps of monoids are controlled by H(e) cells

» Ot

Cell theory for monoids p ion theory of i August 2022
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The simple reps of moneids
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Ther is 3 ot o-cn corespondence

simples with
apex J(e)

cnetoone[Simples of (any)
} { H(e) € I(e)

}

> Exch simple has 3 nique masinal () whose H(e) doss ot il it [AgeK|
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There is still much to do...
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Cell theory for monoids

“The theory of monoids (Green ~1050+4)
ag

“The theory of monoids (Green ~1950+4)

NA L
Hiz | Hu

Ha | Mz | Hag | Hau

> Asocatiy = ressonsbl thoryof mati eps.

> Southesst comer - esionable theoy o

T E—————
» Th ol e FRGRRERRRRTH <o

—
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;

.
: 95885}

The simple reps of moneids

[ ——— ]

(o) s (i)

> Exch simple has 3 nique masinal () whose H(e) doss ot il it [AgeK|

1 athr words (s mess the ctegory ofsvle)

S = H(e) st

theory of

N

[ Apes = 4" means ot e rd bbbl dos o amiste your e 3 he et o

Bty ther s 3 monoi S, st s it
Singes o 5, L1 inges o  with spes (s

Thanks for your attention!
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