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Where do we want to go?

Groups Monoids

Fusion mon-
oidal cats

Fiat mon-
oidal cats

Group reps Monoid reps

Fusion reps Fiat reps

generalize

“categorify”

rep theory

▶ Green, Clifford, Munn, Ponizovskĭı ∼1940++ + many others
Representation theory of (finite) monoids

▶ Goal Find some categorical analog

“Categorify”
↭

is motivated by
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Where do we want to go?

▶ Talk 1 Monoids and their reps

▶ Talk 2 The linear version of talk 1

▶ Talk 3 The categorical version of talk 1
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The theory of monoids (Green ∼1950++)

▶ Associativity ⇒ reasonable theory of matrix reps

▶ Southeast corner ⇒ reasonable theory of matrix reps

Adjoining identities is “free” and there is no essential difference between
semigroups and monoids

The main difference is monoids vs. groups

I will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

Monoids appear naturally in categorification

Examples of monoids

Groups

Multiplicative closed sets of matrices (these need not to be unital, but anyway)

Symmetric groups Aut({1, ..., n})

Transformation monoids End({1, ..., n})

Example

Z is a group Integers

N is a monoid Natural numbers

Example

Cn = ⟨a|an = 1⟩ is a group Cyclic group

Cn,p = ⟨a|an+p = an⟩ is a monoid Cyclic monoid

Example (now with notation)

Sn = Aut({1, ..., n}) is a group Symmetric group

Tn = End({1, ..., n}) is a monoid Transformation monoid

Finite groups are kind of random...

Monoids have almost no structure
and there are zillions of them

⇒ not clear that there is a satisfying (rep) theory of monoids

Spoiler There is ;-)

Example (group-like)

All invertible elements form the smallest cell

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

Example (cells of C3,2, idempotent cells colored)

Example (cells of T3, idempotent cells colored; more in a second)

Computing these “egg box diagrams” is one of the main tasks of monoid theory

GAP can do these calculations for you (package semigroups)

Examples (no specific monoids)

Grey boxes are idempotent H-cells
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▶ Each H(e) is a maximal subgroup No internal information loss

Adjoining identities is “free” and there is no essential difference between
semigroups and monoids

The main difference is monoids vs. groups

I will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

Monoids appear naturally in categorification

Examples of monoids

Groups

Multiplicative closed sets of matrices (these need not to be unital, but anyway)

Symmetric groups Aut({1, ..., n})

Transformation monoids End({1, ..., n})

Example

Z is a group Integers

N is a monoid Natural numbers

Example

Cn = ⟨a|an = 1⟩ is a group Cyclic group

Cn,p = ⟨a|an+p = an⟩ is a monoid Cyclic monoid

Example (now with notation)

Sn = Aut({1, ..., n}) is a group Symmetric group

Tn = End({1, ..., n}) is a monoid Transformation monoid

Finite groups are kind of random...

Monoids have almost no structure
and there are zillions of them

⇒ not clear that there is a satisfying (rep) theory of monoids

Spoiler There is ;-)

Example (group-like)

All invertible elements form the smallest cell

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

Example (cells of C3,2, idempotent cells colored)

Example (cells of T3, idempotent cells colored; more in a second)

Computing these “egg box diagrams” is one of the main tasks of monoid theory

GAP can do these calculations for you (package semigroups)
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Grey boxes are idempotent H-cells
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Cells of some diagram monoids

Connect eight points at the bottom with eight points at the top:

(24138567)↭

or

(24637158)↭

We just invented the symmetric group S8 on {1, ..., 8}

Example (cells of T3, idempotent cells colored)

Example (cells of T3, idempotent cells colored)

Theorem (folklore)

J-cells of Tn are given and ordered by through strands λ

All J-cells contain idempotents
L-cells correspond to fixed bottom ({ n

λ } many), R-cells to fixed top (
(
n
λ

)
many)

H(e) ∼= Sλ for λ = # through strands

Example (T5 via GAP)
Examples ((planar) partition monoid pPa4,Pa4 via GAP)Examples (Motzkin + rook Brauer monoid Mo4,RoBr4 via GAP)Examples (Temperley–Lieb + Brauer monoid TL4,Br4 via GAP)

Examples ((planar) rook monoid pRo3,Ro3 by hand)
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Cells of some diagram monoids

▶ We clearly have g(hf ) = (gh)f

▶ There is a do nothing operation 1g = g = g1

=

▶ Generators–relations (the Reidemeister moves), e.g.

gens : , rels : = , =
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Cells of some diagram monoids

More examples (details on the exercise sheets)
Planar (left) and symmetric (right) diagram monoids, e.g.

The (planar) symmetric groups pSn,Sn are groups ⇒ Boring cells
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The simple reps of monoids

ϕ : S → GL(V ) S-representation on a K-vector space V , S is some monoid

▶ A K-linear subspace W ⊂ V is S-invariant if S �W ⊂W Substructure

▶ V ̸= 0 is called simple if 0,V are the only S-invariant subspaces Elements

▶ Careful with different names in the literature: S-invariant↭
subrepresentation, simple↭ irreducible

▶ A crucial goal of representation theory

Find the periodic table of simple S-representations

Frobenius ∼1895++ and others

For groups and K = C rep theory is really satisfying

What about monoids?

Me: Probably not much better than general algebra rep theory...
Jeez, was I wrong...

Clifford, Munn, Ponizovskĭı∼1940++ and others

The rep theory of monoids is much better than expected!

Example (anti apex predator)

“Apex = fish” means that the red bubble does not annihilate your rep and the rest does

J-reduction = existence of apexes

Basically, there is a monoid SJ associated to fish with

Simples of SJ
1:1←→ simples of S with apex fish

Example (groups)

Groups have only one cell – the group itself

H-reduction is trivial for groups

Example (cells of C3,2, idempotent cells colored)

Three simple reps over C:
one for Jb and two for Jt

Example (cells of T3, idempotent cells colored)

Six simple reps over C:
three for Jb, two for Jm and one for Jt

Example (cells of C3,2, idempotent cells colored)

Trivial rep of 1 induces to C3,2 and has apex Jb

Ja,Ja2 ,Jt act by zero

Trivial rep of Z/2Z induces to C3,2 and has apex Jt

Nothing acts by zero

Example (no specific monoid)

Five apexes: bottom cell, big cell, 2x2 cell, 3x3 cell, top cell
Simples for the 2x2 cell are acted on as zero by elements from 3x3 cell, top cell

H-reduction It is sufficient to pick one H(e) per block
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J-reduction = existence of apexes

Basically, there is a monoid SJ associated to fish with

Simples of SJ
1:1←→ simples of S with apex fish

Example (groups)

Groups have only one cell – the group itself

H-reduction is trivial for groups

Example (cells of C3,2, idempotent cells colored)

Three simple reps over C:
one for Jb and two for Jt

Example (cells of T3, idempotent cells colored)

Six simple reps over C:
three for Jb, two for Jm and one for Jt

Example (cells of C3,2, idempotent cells colored)

Trivial rep of 1 induces to C3,2 and has apex Jb

Ja,Ja2 ,Jt act by zero

Trivial rep of Z/2Z induces to C3,2 and has apex Jt

Nothing acts by zero

Example (no specific monoid)

Five apexes: bottom cell, big cell, 2x2 cell, 3x3 cell, top cell
Simples for the 2x2 cell are acted on as zero by elements from 3x3 cell, top cell

H-reduction It is sufficient to pick one H(e) per block
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Reps of monoids are controlled by H(e)-cells
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The simple reps of some diagram monoids

▶ The transformation monoid T3 has three apexes, five left cell modules ∆(λ, i),
seven right cell modules ∇(λ, i)

▶ Over C we find 3+2+1 simple modules

The bottom cell

∆(b) is the regular rep of S3 inflated to T3:

= ∈ Jb but = /∈ Jb

The middle cell, left column (the others are similar)

∆(m, 1) is the regular rep of S2 induced to T3:

= ∈ Jb and = ∈ Jb

= /∈ Jb

The top cell

∆(t) is the regular rep of S1 induced to T3

The bottom cell over C

∆(b) contributes three simple of S3 that inflate to T3

dims are 1, 2, 1 as T3 reps

The middle cell over C

∆(b, 1) contributes two simple of S2 that induce to T3 (one of them decomposes), e.g.

+

is an S2-invariant vector + track its image ⇝ simple
dims are 3, 2 as T3 reps

The top cell

∆(t) contributes the trivial T3 module
dim is 1 as T3 rep

Sandwich matrices for the middle cell

Ranks are 3 and 2 = dims of simples

Theorem (folklore)

The simple Tn-reps are L(λ,K) for K a simple Sλ-rep
Unless K is the sign Sλ-rep the induction to the cell is simple

For K = sign the L(λ,K) are of dimension
(
n−1
λ−1

)

Summary

H-reduction reduces monoid rep theory to group rep theory
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∆(m, 1) is the regular rep of S2 induced to T3:

= ∈ Jb and = ∈ Jb

= /∈ Jb

The top cell

∆(t) is the regular rep of S1 induced to T3

The bottom cell over C

∆(b) contributes three simple of S3 that inflate to T3

dims are 1, 2, 1 as T3 reps

The middle cell over C

∆(b, 1) contributes two simple of S2 that induce to T3 (one of them decomposes), e.g.

+

is an S2-invariant vector + track its image ⇝ simple
dims are 3, 2 as T3 reps

The top cell

∆(t) contributes the trivial T3 module
dim is 1 as T3 rep

Sandwich matrices for the middle cell

Ranks are 3 and 2 = dims of simples

Theorem (folklore)

The simple Tn-reps are L(λ,K) for K a simple Sλ-rep
Unless K is the sign Sλ-rep the induction to the cell is simple

For K = sign the L(λ,K) are of dimension
(
n−1
λ−1

)

Summary

H-reduction reduces monoid rep theory to group rep theory
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The simple reps of some diagram monoids

▶ The Brauer monoid Br3 has two apexes, four left/right cell modules

▶ Over C we find 3 + 1 simple modules
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Where do we want to go?

Groups Monoids

Fusion mon-
oidal cats

Fiat mon-
oidal cats

Group reps Monoid reps

Fusion reps Fiat reps

generalize

“categorify”

rep theory

▶ Green, Clifford, Munn, Ponizovskĭı ∼1940++ + many others
Representation theory of (finite) monoids

▶ Goal Find some categorical analog

“Categorify”
↭

is motivated by
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The theory of monoids (Green ∼1950++)

▶ Associativity ⇒ reasonable theory of matrix reps

▶ Southeast corner ⇒ reasonable theory of matrix reps

Adjoining identities is “free” and there is no essential difference between
semigroups and monoids

The main difference is monoids vs. groups

I will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

Monoids appear naturally in categorification

Examples of monoids

Groups

Multiplicative closed sets of matrices (these need not to be unital, but anyway)

Symmetric groups Aut({1, ..., n})

Transformation monoids End({1, ..., n})

Example

Z is a group Integers

N is a monoid Natural numbers

Example

Cn = ⟨a|an = 1⟩ is a group Cyclic group

Cn,p = ⟨a|an+p = an⟩ is a monoid Cyclic monoid

Example (now with notation)

Sn = Aut({1, ..., n}) is a group Symmetric group

Tn = End({1, ..., n}) is a monoid Transformation monoid

Finite groups are kind of random...

Monoids have almost no structure
and there are zillions of them

⇒ not clear that there is a satisfying (rep) theory of monoids

Spoiler There is ;-)

Example (group-like)

All invertible elements form the smallest cell

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

Example (cells of C3,2, idempotent cells colored)

Example (cells of T3, idempotent cells colored; more in a second)

Computing these “egg box diagrams” is one of the main tasks of monoid theory

GAP can do these calculations for you (package semigroups)

Examples (no specific monoids)

Grey boxes are idempotent H-cells
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The theory of monoids (Green ∼1950++)
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Cells of some diagram monoids

▶ Generators–relations for Sn ⊂ Tn (the Reidemeister moves), e.g.

gens : , rels : = , =

▶ Generators–relations for the non-invertible part of Tn, e.g.

gens : , rels : = , =

▶ Interactions, e.g.

= , =

Example (cells of T3, idempotent cells colored)

Example (cells of T3, idempotent cells colored)

Theorem (folklore)

J-cells of Tn are given and ordered by through strands λ

All J-cells contain idempotents
L-cells correspond to fixed bottom ({ n

λ } many), R-cells to fixed top (
(
n
λ

)
many)

H(e) ∼= Sλ for λ = # through strands

Example (T5 via GAP)
Examples ((planar) partition monoid pPa4,Pa4 via GAP)Examples (Motzkin + rook Brauer monoid Mo4,RoBr4 via GAP)Examples (Temperley–Lieb + Brauer monoid TL4,Br4 via GAP)

Examples ((planar) rook monoid pRo3,Ro3 by hand)
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Cells of some diagram monoids

More examples (details on the exercise sheets)
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The simple reps of monoids

Clifford, Munn, Ponizovskĭı ∼1940++ H-reduction

There is a one-to-one correspondence

{
simples with

apex J (e)

}
one-to-one←−−−−→

{
simples of (any)

H(e) ⊂ J (e)

}

Reps of monoids are controlled by H(e)-cells

▶ Each simple has a unique maximal J (e) whose H(e) does not kill it Apex

▶ In other words (smod means the category of simples):

S-smodJ (e) ≃ H(e)-smod

Frobenius ∼1895++ and others

For groups and K = C rep theory is really satisfying

What about monoids?

Me: Probably not much better than general algebra rep theory...
Jeez, was I wrong...

Clifford, Munn, Ponizovskĭı∼1940++ and others

The rep theory of monoids is much better than expected!

Example (anti apex predator)

“Apex = fish” means that the red bubble does not annihilate your rep and the rest does

J-reduction = existence of apexes

Basically, there is a monoid SJ associated to fish with

Simples of SJ
1:1←→ simples of S with apex fish

Example (groups)

Groups have only one cell – the group itself

H-reduction is trivial for groups

Example (cells of C3,2, idempotent cells colored)

Three simple reps over C:
one for Jb and two for Jt

Example (cells of T3, idempotent cells colored)

Six simple reps over C:
three for Jb, two for Jm and one for Jt

Example (cells of C3,2, idempotent cells colored)

Trivial rep of 1 induces to C3,2 and has apex Jb

Ja,Ja2 ,Jt act by zero

Trivial rep of Z/2Z induces to C3,2 and has apex Jt

Nothing acts by zero

Example (no specific monoid)

Five apexes: bottom cell, big cell, 2x2 cell, 3x3 cell, top cell
Simples for the 2x2 cell are acted on as zero by elements from 3x3 cell, top cell

H-reduction It is sufficient to pick one H(e) per block
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There is still much to do...

Thanks for your attention!
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generalize
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The theory of monoids (Green ∼1950++)

▶ Associativity ⇒ reasonable theory of matrix reps

▶ Southeast corner ⇒ reasonable theory of matrix reps

Adjoining identities is “free” and there is no essential difference between
semigroups and monoids

The main difference is monoids vs. groups

I will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

Monoids appear naturally in categorification

Examples of monoids

Groups

Multiplicative closed sets of matrices (these need not to be unital, but anyway)

Symmetric groups Aut({1, ..., n})

Transformation monoids End({1, ..., n})

Example

Z is a group Integers

N is a monoid Natural numbers

Example

Cn = ⟨a|an = 1⟩ is a group Cyclic group

Cn,p = ⟨a|an+p = an⟩ is a monoid Cyclic monoid

Example (now with notation)

Sn = Aut({1, ..., n}) is a group Symmetric group

Tn = End({1, ..., n}) is a monoid Transformation monoid

Finite groups are kind of random...

Monoids have almost no structure
and there are zillions of them

⇒ not clear that there is a satisfying (rep) theory of monoids

Spoiler There is ;-)

Example (group-like)

All invertible elements form the smallest cell

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

Example (cells of C3,2, idempotent cells colored)

Example (cells of T3, idempotent cells colored; more in a second)

Computing these “egg box diagrams” is one of the main tasks of monoid theory

GAP can do these calculations for you (package semigroups)

Examples (no specific monoids)

Grey boxes are idempotent H-cells
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Cells of some diagram monoids
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Examples ((planar) rook monoid pRo3,Ro3 by hand)
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Cells of some diagram monoids
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Cells of some diagram monoids
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The simple reps of monoids

Clifford, Munn, Ponizovskĭı ∼1940++ H-reduction

There is a one-to-one correspondence

{
simples with

apex J (e)

}
one-to-one←−−−−→

{
simples of (any)

H(e) ⊂ J (e)

}

Reps of monoids are controlled by H(e)-cells

▶ Each simple has a unique maximal J (e) whose H(e) does not kill it Apex

▶ In other words (smod means the category of simples):

S-smodJ (e) ≃ H(e)-smod

Frobenius ∼1895++ and others

For groups and K = C rep theory is really satisfying

What about monoids?

Me: Probably not much better than general algebra rep theory...
Jeez, was I wrong...

Clifford, Munn, Ponizovskĭı∼1940++ and others

The rep theory of monoids is much better than expected!

Example (anti apex predator)

“Apex = fish” means that the red bubble does not annihilate your rep and the rest does

J-reduction = existence of apexes

Basically, there is a monoid SJ associated to fish with

Simples of SJ
1:1←→ simples of S with apex fish

Example (groups)

Groups have only one cell – the group itself

H-reduction is trivial for groups

Example (cells of C3,2, idempotent cells colored)

Three simple reps over C:
one for Jb and two for Jt

Example (cells of T3, idempotent cells colored)

Six simple reps over C:
three for Jb, two for Jm and one for Jt

Example (cells of C3,2, idempotent cells colored)

Trivial rep of 1 induces to C3,2 and has apex Jb

Ja,Ja2 ,Jt act by zero

Trivial rep of Z/2Z induces to C3,2 and has apex Jt

Nothing acts by zero

Example (no specific monoid)

Five apexes: bottom cell, big cell, 2x2 cell, 3x3 cell, top cell
Simples for the 2x2 cell are acted on as zero by elements from 3x3 cell, top cell

H-reduction It is sufficient to pick one H(e) per block
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There is still much to do...

Thanks for your attention!
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