HOMFLYPT homology for links in handlebodies J

Or: All | know about Artin—Tits groups; and a filler for the remaining 49 minutes
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“‘IIIIIIIII....
\
R pemmmmm——— .Q‘
& 7 LmTTTTS < S “
Al mins W M At W SRS T
N I~ 1 : p 1om
[ T
ol om
< [
1 H 1 1 | |
[ T
\ 1 H 1 1 =
Z [ : :
\ ] : : : [
1 1.
T |, — . ! ;, 1 =
Qugne AN N S ‘., 1 u
~ ’
\ ~ ~—— ’, 4 &
" LS Seaaao-- P &
* DT IR

....lllllllll““
Joint with David Rose

February 2019

Daniel Tubbenhauer HOMFLYPT for links in handlebodi

February 2019

1/16



&

\

braids in .
a 3-ball 2

Daniel Tubbenhauer HOMFLYPT for links in handlebodit February 2019 2/16




Alexander's

N
links in
a 3-ball 9

N theorem

&

\

braids in .
a 3-ball 2

Daniel Tubbenhauer HOMFLYPT for links in handlebodit February 2019 2/16




N
links in
a 3-ball 9

~

raids

extra relations

Alexander's

theorem

&

\

braids in .
a 3-ball 2

theorem

Daniel Tubbenhauer HOMFLYPT for links in k

February 2019

2/16



N
links in
a 3-ball 9

~

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Alexander's

theorem

&

\

braids in .
a 3-ball 2

theorem

Daniel Tubbenhauer HOMFLYPT for links in k

February 2019

2/16



N
N~__—/
links in 3

a 3-ball 2

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Daniel Tubbenhauer

HOMFLYPT

Alexander's

theorem

&

\

braids in .
a 3-ball 2

theorem

Type A He-

cke algebra

for links in k

February 2019

2/16



N
links in
a 3-ball 9

~

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Daniel Tubbenhauer HOMFLYPT

theorem

theorem

Alexander's

a 3-ball 23

&

\

braids in

Type A He-
cke algebra

for links in k

Satisfies

braid relations

Braid
invariant

February 2019

2/16



N
links in
a 3-ball 9

~

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Daniel Tubbenhauer HOMFLYPT

Alexander's

theorem

theorem

&

\

braids in .
a 3-ball 2

Satisfies

Braid
invariant

braid relations

Type A He-
cke algebra

Markov Markov

invariant

for links in k

February 2019

2/16



N
links in
a 3-ball 9

~

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Daniel Tubbenhauer

Alexander's

theorem

&

A\
braids in .
a 3-ball 2

Satisfies

Braid
invariant

theorem braid relations

Type A He-

combine Invariant of

HOMFLYPT

cke algebra links in 2°

Markov Markov

invariant

for links in k

February 2019 2/16



N
links in
a 3-ball 9

~

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Daniel Tubbenhauer

Type A He-

cke category

Alexander's

theorem

&

A\
braids in .
a 3-ball 2

Satisfies

Braid
invariant

theorem braid relations

Type A He-

combine Invariant of

HOMFLYPT

cke algebra links in 2°

Markov Markov

invariant

for links in k

February 2019 2/16



N~

S~

links in 3
a 3-ball 2

algebraic way
to study
braids in

a 3-ball 2°

extra relations
raids

Daniel Tubbenhauer

Satisfies

Braid
invariant

braid relations

Type A He-
cke category

Alexander's

theorem

&

\

braids in .
a 3-ball 2

Satisfies

Braid
invariant

theorem

braid relations

Type A He-

combine Invariant of

HOMFLYPT

cke algebra links in 2°

Markov Markov

invariant

for links in k

February 2019 2/16



extra relations

Satisfies

Braid
invariant

braid relations

Type A He-
cke category

Alexander's

Markov
invariant

theorem

2-trace

&

\

braids in .
a 3-ball 2

Satisfies

Braid
invariant

theorem braid relations

Type A He-
cke algebra

combine Invariant of

links in 2°

Markov Markov

invariant

HOMFLYPT for links in handlebodi February 2019 2/16




N
Iin;s-in 3
a 3-ball 2

~

algebraic way
to study
braids in

a 3-ball 2°

raids

Daniel Tubbenhauer

extra relations

Satisfies

Braid
invariant

HOMFLYPT
homology

braid relations

Type A He-
cke category

Invariant of
links in 2%

Alexander's

Markov
invariant

theorem

2-trace

&

\

braids in .
a 3-ball 2

Satisfies

Braid
invariant

theorem braid relations

Type A He-
cke algebra

combine Invariant of

links in 2°

Markov

Markov
invariant

HOMFLYPT for links in handlebodi

February 2019 2/16



&

A )

braids in S
a 3-mfd /

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




Alexander’s

theorem

&

A )

braids in S
a 3-mfd /

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




“ll.
R %
n O
u .
- Alexander’s
7
4
’Q.. -" theorem
links in
a 3-mfd .3

&

A )

braids in S
a 3-mfd /

extra relatlons
for braids

theorem

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




algebraic way
to study
braids in

a 3-mfd 3

Daniel Tubbenhauer

Alexander’s

theorem

&

A )

braids in S
a 3-mfd /

theorem

extra relations
for braids

HOMFLYPT for links in

February 2019

2/16



algebraic way
to study
braids in

a 3-mfd 3

Daniel Tubbenhauer

Alexander’s

theorem

&

A )

braids in S
a 3-mfd /

theorem

extra relations
for braids

Type ? He-

cke algebra

HOMFLYPT for links in

February 2019

2/16



Alexander’s

theorem

&

algebraic way

to study
braids in ‘
= 3 braids in
2 Smid A a 3-mfd 3

Satisfies

Braid
invariant

theorem braid relations?

extra relations
for braids Type ? He-

cke algebra

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




algebraic way
to study
braids in

a 3-mfd 3

for braids

Daniel Tubbenhauer

extra relations

Alexander’s

theorem

&

A )

braids in S
a 3-mfd /

Satisfies

theorem

Type ? He-
cke algebra

Markov

trace?

HOMFLYPT for links in

braid relations?

Braid
invariant

Markov
invariant




Alexander’s

theorem

&

algebraic way

to study

braids in
a 3-mfd 3

A )

braids in S
a 3-mfd /

Satisfies

Braid

invariant
theorem

extra relations
for braids

combine

Type ? He-
cke algebra

Invariant of
links in 3

OMFLYPT

polynomial”

Markov
invariant

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




Type ? He-

cke category

Alexander’s

theorem

&

algebraic way

to study

braids in
a 3-mfd 3

A )

braids in S
a 3-mfd /

Satisfies

Braid

invariant
theorem

extra relations
for braids

combine

Type ? He-
cke algebra

Invariant of
links in 3

OMFLYPT

polynomial”

Markov
invariant

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




Satisfies

Braid
invariant

braid relations?

Type ? He-
cke category

Alexander’s

theorem

&

algebraic way

to study

braids in ‘

5 3 braids in
a 3-mfd / o DAl s

Satisfies

Braid
invariant

theorem

extra relations
for braids

combine

Type ? He-
cke algebra

Invariant of
links in 3

OMFLYPT

polynomial”

Markov
invariant

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




Satisfies

Braid
invariant

braid relations?

Type ? He-
cke category

Alexander’s

Markov

Markov
invariant

theorem 2-trace?

&

algebraic way

to study
braids in ‘
5 3 braids in
a 3-mfd / o DAl s

Satisfies

Braid

invariant
theorem

extra relations
for braids

Type ? He-
cke algebra

combine Invariant of

links in 3

OMFLYPT

polynomial”

Markov
invariant

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




Braid
invariant

HOMFLYPT
braid relations?

homology”

Type ? He-
cke category

Invariant of
links in .3

Alexander’s

Markov

Markov
invariant

theorem

algebraic way
to study
braids in

a 3-mfd 3 braids in

a 3-mfd 3

Satisfies

Braid

invariant
theorem

extra relations
for braids

Type ? He-
cke algebra

combine Invariant of

links in 3

OMFLYPT

polynomial

Markov
invariant

Daniel Tubbenhauer HOMFLYPT for links in di February 2019 2/16




Braid
invariant

e
However, this “naive” approach fails for most 3-manifolds.

Why? Because | do not know what Hecke/Soergel analog
to use for an arbitrary 3-manifold.

a 3-mfd °

algebraic way

to study

braids in

3- 3 braids in
a 3-mfd o DAl 3

extra relations
for braids

Type
cke algebra

Daniel Tubbenhauer HOMFLYPT for links in k

Braid
invariant

Markov
invariant

dlebodi February 2019 2/16

combine

Invariant of
links in .3




Braid
invariant

e
However, this “naive” approach fails for most 3-manifolds.

Why? Because | do not know what Hecke/Soergel analog
to use for an arbitrary 3-manifold.

a 3-mfd 3

algebraic way

to study

braids in

a 3-mfd 3

extra relations
for braids

Daniel Tubbenhauer HOMFLYPT

Type 7 H
cke algebra

for links in k

Today. | explain what we can do.|

Markov's ;

theorem

Braid

invariant

combine

Invariant of
links in .3

Markov

invariant

February 2019 2/16




@ Links and braids in handlebodies
@ Braid diagrams
@ Links in handlebodies

© Some “low-genus-coincidences”
@ The ball and the torus
@ The torus and the double torus

© Arbitrary genus
@ Braid invariants — some ideas
@ Link invariants — some ideas
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Let Br(g,n) be the group defined as follows.

Generators. Braid and twist generators

1 g 1 iitln 1 i g 2 n
...A...1
a3 & o 1922 1
! \ ! =
1 g 1 iitln 1 i g 1 2 n
Relations. , type C relations and special relations, e.g.

Involves three players and inverses!
/\ | (P>
& |ﬁ ]

brtobots = 126,120, (612267 )25 = 25( ﬁlfg
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Let Br(g,n) be the group defined as follows.

Example.

Generators. Braid and twis L l ,\

1 1 i g 1 2 n
...0...1H
i |- I.<—4..|...: [-1
1 / 1 i gl 2n
Relations. j special relations, e.g.

Involves three players and inverses!
/~ | [P
& |ﬁ ]

ﬁlfzﬁlfz = fgﬁlfzﬁl ﬁlfgﬁ 53 = {3 ﬁllg

UQ_UQ
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Let Br(g,n) be the group defined as follows.

Generators. Braid and twig

Example.

LAY

pli:

1 i g 2 n
I...l...l TT
1 i g 1 2 n

i special relations, e.g.

Involves three players and inverses!

1 g
by o I I
1 g
Relations.
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| T
I N K=
LA ]9

The “full wrap”.
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1220119 = 12012307
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Let Br(g,n) be the group defined as follows.

Generators. Braid and twist generators

1 i i4l n 1 2 n
Fact (type A embedding).
Br(g,n) is a subgroup of the usual braid group &r(g+n).
Relatiqg 1 g
(_’J‘ X c"‘_ﬂ‘
I | \ T_)T T |_\ erses!
|' 1 N T
1 1= | e
A visualization exercise. J
— < —
) | /\ ) | 4
ﬁlfgﬂlfz :{Qﬂlfzﬁl (ﬁlfgﬁ )Zq —Zg(ﬁlfzﬁ )
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The group Br(g,n) of braid in a g-times punctures disk 95 x [0,1]:

Two types of braidings, the usual ones and “winding around cores”, e.g.
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Th Theorem (Héring-Oldenburg—Lambropoulou ~2002, Vershinin ~1998).
g

The map

Tw

[1]°A-

is an isomorphism of groups Br(g,n) — %Br(g,n).
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The group Br(g,n) of braid in a g-times punctures disk 93 x [0,1]:

Two types

From this perspective the type A embedding
is just shrinking holes to points!

shrink
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The group Br(g,n) of braid in a g-times punctures disk 22 x [0, 1]:

Twaqtunes of hraidines the nsiial ones and “windine around cores” e o
Note.

For the proof it is crucial that 992 and the boundary points of the braids e
are only defined up to isotopy, e.g.

@3 . 932
o ~
(@) = O O O o °

= one can always “conjugate cores to the left”.

This is useful to define %Br(g, o).

Daniel Tubbenhauer HOMFLYPT for links in handlebodit February 2019 5/16




The Alexander closure on Br(g,c0) is given by merging core strands at infinity.
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This is different from the Alexander closure.
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The Alexander closure on Br(g, o) is given by merging core strands at infinity.

Theorem (Lambropoulou ~1993).

For any link ¢ in the genus g handlebody 7, thereisa [_Z~~ -
braid in Br(g, c0) whose (correct!) closure is isotopic to Z.[~~, >

I I I A 1

Fact.

neighborhood of the embedded graph obtained
by gluing g + 1 unknotted “core” edges to two vertices.

7
- ’

.

-

the 3-ball %y = a torus #1

1
1
1
:
1
4 is given by a complement in the 3-sphere &3 by an open tubular :
1
1
1
1
1
1

e

This is

Daniel Tubbenhauer HOMFLYPT for links in handlebodi February 2019 6/16




The Markov moves on %Br(g, o) are conjugation and stabilization.

Conjugation.

b~ 363" I I
for & € Br(g,n),s € (61,...,0n-1) = Ilﬁ

Stabilization.
P11+ 4+ 1011+
(eT)én (67) T T R S — J
st R gl NIDtod Hl NS B B
forﬂoE%r(g, )7 ‘I lﬂl |‘ ‘I lﬁl |‘
They are weaker than the Markov moves.
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The Markaxrmovees an @r(n ~n) are coningation and ctahilizatinn

Theorem (Héaring-Oldenburg—Lambropoulou ~2002).

Two links in % are equivalent if and only if
Conjugalthey are equal in Br(g,00) up to conjugation and stabilization.

b~ 363"
for & € Br(g,n),s € (61,...,0n_1)

Stabilization.

(e1)bn(87)
~ ¢l ~ (Db (61 =
for &, ¢ € Br(g,n),

They are weaker than the Markov moves.
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The Markaxrmovees an @r(n ~n) are coningation and ctahilizatinn

Theorem (Héaring-Oldenburg—Lambropoulou ~2002).

Two links in % are equivalent if and only if

Conjugalthey are equal in Br(g,00) up to conjugation and stabilization.
Example.
““-l.l.l.l.l.l..... epnrmREEEEL, »
|} L ] L4
for 4 € 9 QBT P . a8,
N [ X ] 4 - S a
a (] Y ) ]
" = [ -
T [ 72 1,4 . =
s Pl
wpe - ) |
Stabilization . : :- v S 2 ;
ay < *
(3 EEm Y L J *
(6T)ﬁ RELTTT T A LTI
o8~ (4 wrong closure correct closure
~Y ~Y
for &, ¢ €
L]
They are weg ]
(] H Gngu®
- - - -
not stuck stuck
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The Markov moves on %r(g, o) are conjugation and stabilization.

Conjugation.

b~ 4A4=1 I I
The upshot.
for & € Br(g,n),

Together with Alexander’s theorem,

this gives a way to algebraically study ! '
Stabilization. links in .
(e1)én(41)

~ ¢l ~ (Db (61 =
for 4, ¢ € Br(g,n),

They are weaker than the Markov moves.
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The Markov moves on %r(g, o) are conjugation and stabilization.

Conjugation.

b~ 44~ 1 I I
The upshot.
for & € Br(g,n),

Together with Alexander’s theorem,
this gives a way to algebraically study
Stabilization. links in %,.

(6T) (#1) |Let me explain what we can do. | 4 ,}L

~ ¢l ~ (N1 () = ..
for &, ¢ € Br(g,n), —

They are weaker than the Markov moves.
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Let " be a Coxeter graph.

Artin ~1925, Tits ~1961++. The Artin—Tits group and its Coxeter group
quotient are given by generators-relations:

AT(D) = (6; | -+ Gilhs = - 6,6,8))
—_—

m;; factors m;; factors

W(F) = <0i ‘ 01»2 = ]_’ 000 = 'UjUin>
—_— ——
my; factors m; factors
Artin—Tits groups classical braid groups, Coxeter groups

polyhedron groups.
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cos(m/3) on a line:

type Ajp_1: 1l==2== =—=n—2==n-—1

The classical case. Consider the map
1 i i+1 n \ t
) d rel.. y - K/A
Bi— |- braid rel.: y =
Res K

Artin ~1925. This gives an isomorphism of groups AT(A,_1) = FBr(0,n).
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cos(m/3) on a line:

Jones ~1987.
Markov trace on the Hecke algebra of type A
~> two variable g, a polynomial invariant (HOMFLYPT polynomial).

The cla q=Hecke parameter ; a=trace parameter .
1 i i+1 n /\ /\
Bi TX T braid rel.: % S
Lo v AN

Artin ~1925. This gives an isomorphism of groups AT (A, _1) =N FBr(0,n).

| will come back to this with more details for general genus g.
For the time being: This works quite well!
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cos(7m/3) on a line:

Jones ~1987.
Markov trace on the Hecke algebra of type A

~> two variable g, a polynomial invariant (HOMFLYPT polynomial).

The cla q=Hecke parameter ; a=trace parameter .

Khovanov ~2005; categorification.
Hochschild homology on | complexes of the Hecke category of type A
~ “three variable g, t, a homological invariant” (HOMFLYPT homology).

q=Hecke parameter ; t=homological parameter ; a=Hochschild parameter .

Arl.lll IJZJ. TTITS BTVES dIT TSUTTTOTPTIISTIT UT BTUUpPS 731 \’_‘Ilfl) :J()IKUj II,).

| will come back to this with more details for general genus g.
For the time being: This works quite well!
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cos(m/3) on a circle.

type An_l : / | \

tom Dieck ~1998. (Earlier reference?) This gives an isomorphism of groups
Z x AT(A,_1) = Br(1,n).
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cos(m/3) on a circle.

Affine a

~ two variable q, a polynomial invariant (HOMFLYPT polynomial).

Orellana—Ram ~2004. (Earlier reference?)

Markov trace on the Hecke algebra of type A

g=Hecke parameter ; a=trace parameter .

tom Dieck ~1998. (Earlier reference?) This gives an isomorphism of groups

Z x AT(A,

& Bi— TXT braid rel.: \> g\

i n

N S @1 ;)

| will come back to this with more details for general genus g.
For the time being: This works quite well!
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cos(m/3) on a circle.

Orellana—Ram ~2004. (Earlier reference?)
Markov trace on the Hecke algebra of type A

. ~ two variable q, a polynomial invariant (HOMFLYPT polynomial).
Affine a

q=Hecke parameter ; a=trace parameter .

SN

??7?; categorification. ~
Hochschild homology on complexes of the Hecke category of type A
~> “three variable g, t, a homological invariant” (HOMFLYPT homology).

q=Hecke parameter ; t=homological parameter ; a=Hochschild parameter .

tO T JICCNKN LT IIU. \I-GIIICI ICICICIILC-} TTIS BTVTS art TSUTTTUT PTTISTIT UT - ETuUu S

Z x AT(Apeds @1 m) :
| will come back to this with more details for general genus g.

For the time being: This works quite well!
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cos(m/3) on a circle.

7 0
Fact. One can recover the (missing) generator of Z if one
works with extended affine type A.

Affine adds
(d b A
Bo — — (>

tom Dieck A

Z, X AT(A,,,'l)

m of groups
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cos(m/4) on a line:

type Cp,: 0s=1=—2=——...—n—1=—n

The semi-classical case. Consider the map

: | 7

Bo i—: TT & Bz"—>| T%T braid reI.:(I_—\/\

1 n i i+l n 1 I_\
[ N

ls

Brieskorn ~1973. This gives an isomorphism of groups AT(C,,) =N FBr(l,n).
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cos(m/4) on a line:

Geck—Lambropoulou ~1997.
Markov trace on the Hecke algebra of type C

~> two variable g, a polynomial invariant (HOMFLYPT polynomial).

The sen
q=Hecke parameter ; a=trace parameter .
1 2 n 1 i i+l n ( H—\
‘30._>c—_\f TT & B~ TXT braid rel.: )= )
1 2 n 1 i i+l ) _\
—/ N\

Brieskorn ~1973. This gives an isomorphism of groups AT(C,,) =N FBr(l,n).

| will come back to this with more details for general genus g.
For the time being: This works quite well!
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cos(m/4) on a line:

Geck—Lambropoulou ~1997.
Markov trace on the Hecke algebra of type C

~> two variable g, a polynomial invariant (HOMFLYPT polynomial).

The sen
q=Hecke parameter ; a=trace parameter .
1 2 n i i+l n /\ C
5 Rouquier ~2012, Webster—Wllllamson ~2009; categorification. \
Po

Hochschild homology on complexes of the Hecke category of type C \
~ “three variable g, t, a homological invariant” (HOMFLYPT homology).

q=Hecke parameter ; t=homological parameter ; a=Hochschild parameter .

Brl SRUTTT IITJ. TTITS BIVES dIT TSUTITUTPTITSTIT OT gTOUpPS A1 \\.,r”/} dal\l, TU].

| will come back to this with more details for general genus g.
For the time being: This works quite well!
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cos(w/4) on a line:

Fact. (Not true in type A.)

There is a whole infinite family of Markov traces,
one for each choice of a value for essential unlinks.
’

The - (l__\j\ \i
=

bl )
«~ extra parameter and «~ extra parameter etc.

-~

’

oo

\
9 N’ rj\ : -\
o H I—\ 0
. \_/’ -\
However, | only know the categorification of one of these.

— N\

Brieskorn ~1973. This gives an isomorphism of groups AT(C,,) =N FBr(l,n).
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cos(m/4) on a line:

Fact. (Not true in type A.)

oo

There is a whole infinite family of Markov traces,
one for each choice of a value for essential unlinks.
=R
' '
The :
L £ _\\_j
I «~> extra parameter and __ ¢ extra parameter  etc. )
’
) _\~-» (_7‘
Bo H I—\
. S=7 -\
However, | only know the categorification of one of these. {

oo

Fact. (Not true in type A.)

Brieskorn ~1973. There is also a second Hecke parameter,

L S
which we do not know how to categorify yet. ) = Zr(l,n).
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cos(m/4) twice on a line:

0l== 1= 2 =1 =—n==02

type Cn :

Affine adds genus. Consider the map

1 i i+l 1 1 n 2
IS i
i i+l 11 n 2

1

Allcock ~1999. This gives an isomorphism of groups AT(C,,) — %Br(2,n).

dlebodi February 2019
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This case is strange — it only arises under conjugation:
cos(m/4) twice

1 1 n 2 1 2 1. n
Affine adds g¢ By a miracle, one can avoid the special relation

I X |<'_7‘ This relation

involves three n

Bor — ] players and inverses. T )
I P Bad! e

Alicock ~1999. This gives an isomorphism of groups AT(C,,) —» Br(2,n).
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This case is strange — it only arises under conjugation:
cos(m/4) twice

Affine adds g¢ By a miracle, one can avoid the special relation

I ‘\ c'_ﬂ‘ This relation

involves three n

Bor — ] players and inverses. L )
I P Bad! -

|Current|y, not much seems to be known, but | think the same story works. |

Alicock ~1999. This gives an isomorphism of groups AT(C,,) —» Br(2,n).
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cos(m/4) t

Affine ad

Bor — ] players and inverses.
I P Bad!

This case is strange — it only arises under conjugation:

wice

By a miracle, one can avoid the special relation

ds gg¢
I ‘\ c'_T This relation

involves three

n

|Current|y, not much seems to be known, but | think the same story works. |

n).

Allcock

“
o
—

PULLITN
0 o,

R

o
To mmEmE o EmEmm

o 8 o 8

But the special relation makes it a mere quotient.
So: In the remaining time | tell you what works.

Daniel Tubbenhauer

However, this is where it seems to end, e.g. genus g = 3 wants to be

February 2019
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cos(m/4) twice on a line:

Aff

Allg

Currently known (to the best of my knowledge).

Genus H type A ‘ type C
g=0 RBr(n) =2 AT(An—1)
g=1| Br(l,n)=2Zx AT(A,_1) 2 AT(A,_1) | Br(1,n) = AT(C,)
g=2 Br(2,n) = AT(C,)
g=3

And some Z/2Z-orbifolds (Z/ooZ =puncture):
Genus H type D type B
g =
g = 1 %r(l, n)Z/QZ = AT(Dn) %r(l,n)z/mz = AT(Bn)
g=2 Br(2,n)z/22x2/22 = AT(Dy) | Br(2,n)z/00zx2/22 = AT(Bn)
g=>3

(For orbifolds “genus” is just an analogy.)
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cos(7/4) twice on a line:

typs

Affine adds genus

Bor — Cg

Allcock ~1999. T|

O==1 =2

Example.

type B,

“ny
n
" "
(_. order co order 2 _)
N I
n
HOMFLYPT for links in k
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Br(2,n).
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Philosophy 1: Reshetikhin—Turaev with “huge” colors.
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Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*) —_—

I | .
LI
-|+

Daniel Tubbenhauer HOMFLYPT for links in di February 2019

13/16



Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

"huge” (think gl;,-Verma) -+

Daniel Tubbenhauer HOMFLYPT for links in di February 2019

13/16



Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

"huge” (think gl;,-Verma) -+
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Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

some R-matrices | I

"huge” (think gl;,-Verma) -+
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Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

some R-matrices | I

"huge” (think gl;,-Verma) -+
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1 1
Ry.m © Ruy

Rv,v

February 2019

13/16



Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

«v R'soRy moRyM,vOR's

s R

1 1
v,m © Ruy

/\w Rv.v

some R-matrices | I

"huge” (think gl;,-Verma) -+
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Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

-1
( Rvv

some R-matrices | I «w R'soRy moRm,voR's

s R

1 1
v,m © Ruy

/\w Rv.v

"huge” (think gl;,-Verma) -+
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Philosophy 1: Reshetikhin—Turaev with “huge” colors.

“tiny” (think C*)

L4 4
L «v R'soRy moRyM,vOR's
I I : PN Ry
. ( J ’ ’
some R-matrices «w R'soRy moRm,voR’s
— ._.I._. .
1 1
o Ry.m © Ruy

/\w Rv.v

"huge” (think gl;,-Verma) .
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Philosophy 1: Resh Note that the type A embedding

guarantees that any usual invariant of braids
produces an invariant of braids in 7.

“tiny” (think C*)

P 4 4
L «v R'soRy moRyM,vOR's
: —1
I I 4 o
. J ’ ’
some R-matrices «» R'soRy M oRMmvoR's
——1—|—]—
PIVN R oR:!
v,M © Ry

/\w Rv.v

"huge” (think gl;,-Verma) -+
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Philosophy 1: Resh

Note that the type A embedding

guarantees that any usual invariant of braids

produces an invariant of braids in 7.

“tiny” (think C*)

some R-matrices

"huge” (think gl;,-Verma) -+

[ |
I [] 1 «v R'soRy moRyM,vOR's

R

I J
«~ R'soRy yMoRM v OoR's
|_ _I_ 1,

-1
Rvv

1 1
v,m © Ruy

Rv,v

Genus g =0, 1.

Works quite well (e.g. use Naisse—Vaz's ideas on the categorified level).

Daniel Tubbenhauer

HOMFLYPT for links in handlebodi

February 2019

13/16



Philosophy 1: Resh

Note that the type A embedding

guarantees that any usual invariant of braids

produces an invariant of braids in 7.

“tiny” (think C*)

some R-matrices

"huge” (think gl;,-Verma) -+

[ |
I [] 1 «v R'soRy moRyM,vOR's

R

I J
«v R'soRy moRm,voR's
|_ _Ij_ R
1

-1
Rvv

1
v,m © Ruy

Rv,v

Genus g =0, 1.

Works quite well (e.g. use Naisse—Vaz's ideas on the categorified level).

|We mimic this for M being “huge, but finite” |

Daniel Tubbenhauer
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Singular Soergel bimodules #£3(W) for W = W(Ax_1).

Tuples I = (kq,...,kn) € NJZVI with k1 + -+ -+ ky = N «~ parabolic subgroups
WI = W(Aklfl) X oo X W(Akal) C W.

W acts on R = Ry = k[x1,...,xy] via permutation ~~ rings of invariants RT.

Bimodules. Identities, restriction (“merge”) and induction ( “split"), e.g.

1011 2 1
| | | o ROVLD — R | | s RZD — ROt — k[x1 + x2,x1X2,X3].
101 1 2 1
K+l k 1
/l\ s REHD @p gy RED, \H o R%D @p 40y RFFD,
k l k+1

Define &9(W) as the full 2-subcategory of the rings&bimodules 2-category.
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Singular Soergel bimodules #£3(W) for W = W(Ax_1).

Tuples I = (kq,...,kn) € NJZVI with k1 + -+ -+ ky = N «~ parabolic subgroups
WI = W(Aklfl) X oo X W(Akal) C W.

: N . . I
W acts on R = Ry {Everything is Z-graded, called q-grading. ps ©f invariants R".
| just omit this for simplicity.

Bimodules. Identities, restriction (“merge”) and induction ( “split"), e.g.

1011 2 1
| | | o ROVLD — R | | s RZD — ROt — k[x1 + x2,x1X2,X3].
1011 2 1
K+l k 1
/]\ s R0 Dpksn R(k,l)’ \IJ s RED QR (k+0) R+D.
k 1 k41

Define &9(W) as the full 2-subcategory of the rings&bimodules 2-category.
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Singular Soergel bimodules #3(W) for W = W(Ax_1).

A monoidal structure is given by

1 1

2 11
x = fj\ < glue — \[j «~ R ®roi R 2 R ®ro1 R7! ®greo1 R.
11 2

1 1

This gives a way to define bimodules associated to any web built out of merge and split.

Bimodules. Identities, restriction (“merge”) and induction (“split"), e.g.

1 1 1 2 1
| | | ew RIWLD =R, | | ors R2D = RO1 = k[x; + %2, X1%2, X3).
Bt k1
H\ o R<k+l) QR +D) R(k”l)’ HJ A R(k’l> QR k+1) R<k+l>.
k 12 k41

Define #£9(W) as the full 2-subcategory of the rings&bimodules 2-category.
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Singular Soergel bimodules #3(W) for W = W(Ax_1).

1 1

A monoidal structure is given by

2 1 1
>|< = rl\ + glue — \|J e R ®ro1 R 2 R ®gro1 R7! ®ro1 R.
1 1 2

1 1

This gives a way to define bimodules associated to any web built out of merge and split.

Bimodules. |denti
1 1 1
« R
1 1 1
k41

Define 4(W) as

Daniel Tubbenhauer

There are several bimodule isomorphisms, e.g.
k+1l+m k+i+m

k+i+m k+i+m

Hence, we can unambiguously write

kit ... +kp k1 kp
A ¢ Y
B k14 ... +ke

which one could call thick merge and split.

HOMFLYPT for links in

plit"), e.g.

]+X21X]X23X3]‘

:‘R,U"‘*’) R<k+l> .

es 2-category.
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Singular Soergel bimodules #3(W) for W = W(Ax_1).
Soergel ~1992, Williamson ~2010.

Tuples T ST categorifies t}l'ne Hecke algebra (or rather, the allgebroid). subgroups
Wi =W(Ag, —1) X - X W(Agy—1) C W.
W acts on R = Ry = k[x1,...,xy] via permutation ~~ rings of invariants RT.

Bimodules. Identities, restriction (“merge”) and induction (“split"), e.g.

111 2 1
| | | oy R(l’l"l) = R, | | s R(Q-,l) = Rt — ﬂ{[xl + Xo, X1X27X3].
k41 k l
H\ oy R(k+D QR (k+1) R(k’l), \lj e R(ED QR (k+1) R0,
k 12 k41

Define &9(W) as the full 2-subcategory of the rings&bimodules 2-category.
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Singular Soergel bimodules #3(W) for W = W(Ax_1).
Soergel ~1992, Williamson ~2010.

ST categorifies the Hecke algebra (or rather, the algebroid).

Tuples I = subgroups

Rouquier ~2004, Mackaay—Stosic—Vaz ~2008, Webster—Williamson ~2009, etc.

There are certain complex (“t-graded”) of singular Soergel bimodules, e.g.

[[61]]1\4 / H = qt H qltl H

k 1

providing a categorical action of the Artin—Tits group of type A.

1 1 1 2 1

ket koo
H\ oy R(k+D QR k+D R,(k"w, \H e RED QR (k+D R+D,

k 1 k41

Define #£9(W) as the full 2-subcategory of the rings&bimodules 2-category.
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Singular Soergel bimodules #3(W) for W = W(Ax_1).
Soergel ~1992, Williamson ~2010.

ST categorifies the Hecke algebra (or rather, the algebroid).

Tuples I = subgroups

Rouquier ~2004, Mackaay—Stosic—Vaz ~2008, Webster—Williamson ~2009, etc.

There are certain complex (“t-graded”) of singular Soergel bimodules, e.g.

[[61]]1\4 / H = qt H qltl H

k 1

providing a categorical action of the Artin—Tits group of type A.

1 1 1 2 1

Hence, we are in business by taking M >> n:

H\ J M 1 R*&+D
1 M M ’

k l [ ] \
T s and I “n | = and (ﬁ n ) etc.
1 M

M 1
i q
R Fact. This gives a faithful invariant of [#],, of & € Br(g,n).

tegory.
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Partial Hochschild homology (a la Hogancamp ~2015). R-f%im3?
category of (EEEEED of ) g-graded, free Ry-bimodules. Adjoint pair (Ad, Tr):

Ad: R-f Bim¥9, — R-f Bim4
\ Ad (L) =
B—B®grs,  (Ry/(xN@1-10%N)) s ( T )

extending scalars |

Tr: R-f Bimy? — R-f Bimyd, Tr () =
B — (B X222 402B) s RN

Skein relations. One gets e.g.

o~

A

|| 1 | i || 1 |

D 1 D _ 1 =\ 1 1 = 1
I 1T 1 H L T 1T / j
| 16 | 122 [6) ] ! & V :%atq‘ll & x = |
[ T 1 [ I B \ :
[ B ] H [ B ] 1 ~_v 1 1 ~_7 1
I 1T 1 ! T 1
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Partial Hochschild homology (a la Hogancamp ~2015). R-f%im3"
category of ( of) g-graded, free R ,-bimodules. Adjoint pair (Ad, Tr):

toy +

Theorem (after normalization).

We get a triply-graded invariant HHH}, (£) € k-Vect®*? for & € Br(g,n),
which respects Markov stabilization, i.e.

HHH}, ~ [HHY,
Skein relations. One gets e.g.
L1 i L1
[ lD [ ] 1 lD l ] n TN 1 1 o= 1
l c ] T & S i ~ atq® & Z =
o - PR = ata’| ~ i
[ IB I | i [ IB : | 1 S 1 1 v 1
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atq

Partial Hochschild homology (a la Hogancamp ~2015). R-fZimY;
category of ( of) g-graded, free R ,-bimodules. Adjoint pair (Ad, Tr):

i o
Theorem (after normalization).

We get a triply-graded invariant HHH}, (#) € k-Vect®*? for & € Br(g, n),
which respects Markov stabilization, i.e.

Skein relations—Qsa catc o o -
However, we are not quite there:
g one gets a too strong Markov conjugation, i.e.
1 ’a-\l 1
J i |
r i
~ HHH}, 1 N4
~a
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Partial Hochschild homology (a la Hogancamp ~2015). R-f%irn*]’\,tq
category of ( of) g-graded, free R ,-bimodules. Adjoint pair (Ad, Tr):

Ad: R-f Bimy %) — R-f Bim} Ad () =

Idea: Flank them!

M+ ... +M M M
o & %w® should be thought as A & v
- M M M+ ... +M

and things get stuck, e.g.

2M 1

a
Skein r¢ ‘n_nT] L'J_]l

T S -

[ D | ' [ D ]_\ 1 o= 1 L e 1
() ‘ \ e~ 4 J I\~
e PN b B S

l B ] : l B ] 1 ~_ 1 1 ~_7 1

I 1T 1 ! T 1
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Partial Hochschild homology (a la Hogancamp ~2015). R-f%im3"
category of ( of) g-graded, free R ,-bimodules. Adjoint pair (Ad, Tr):

Ad: R—f%imj‘\fgl — R—f%im?\,tq
Ad (=) =

Theorem (after normalization and flanking).

We get a triply-graded invariant HHH}, (#) € k-Vect®*? for & € Br(g,n),
which respects Markov conjugation and stabilization, i.e.

A 4

HHH?, | | 5 ~ HHH}, ||
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There is still much to do...
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The Mecander clo

c81(0 ) s gven by merging cor srands t nfinty.

wrong dosure conct cosure
This s dfrent rom the GEEED Alsander dsre

The Markow maves on @r(s, tion nd sabizaton

Conjugation.

- HAHE

Ty s wesker tha the D Mirkow moves.

Tty T

o | | oeec
¥ e X

o1 ) ezen A | @ = aTe)

o= P

P ——

| e | ype
A=

L] AT AT

7] e 2 ATO) e s % AT

(Fu bt g i ot 30 )

Thanks for your attention!
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The Reidemeister braid relations:

These hold for usual strands only since core strands do not cross each other, e.g.

R -



Brunn ~1897, Alexander ~1923. For any link £ in the 3-ball 22 there is a
braid in %r(co) whose closure is isotopic to 7.

There are various proofs of this result, are all based on the same idea: “Eliminate
one by one the arcs of the diagram that have the wrong sense.”.

Here is an example which works in the context of general 3-manifolds: “Mark the
local maxima and minima of the link diagram with respect to some height
function and cut open wrong subarcs.”, e.g.




Markov ~1936. Two links in the 3-ball 22 are equivalent if and only if they are
equal in %Br(co) up to conjugation and stabilization.

Conjugation.
4+ 4+ 4+ 4 4+1+ 1+1+ 1+-1 1+.4
m l B ] ‘ ]
g [ LI~ [ []
[ o 1 [ = ]
[T T-1 [T T-1
Stabilization.
l1‘ 1‘01‘ v IT 1‘01‘ 1n‘] I'I‘ 1‘(1‘ T]J‘
LI L2}~ [[~[T[?»
[ ‘ 11 [ ‘ ] s ]
I T 1T 1 I T 1T 1 I T 1T 1



Markov ~1936. Two links in the 3-ball 22 are equivalent if and only if they are
equal in %Br(co) up to conjugation and stabilization.

Conjugation.

A~ 4 4 4 The upshot.

g Together with Alexander’s theorem,
" |{this gives a way to algebraically study
links in the 3-ball 23.

Stabilization.

n

R

n

+ 4 1
II
1

l
|
I

++%}+’r0’r’"rlj
LI~ []
- M1
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Figure: The first ever “published” braid diagram. (Page 283 from GauB’ handwritten
notes, volume seven, <1830).

Tits ~1961-+. GauB’ braid group is the type A case of more general groups.
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Artin's approach: “Arithmetrization of braids”.
However, he still needs topological arguments.

And this is one main problem why general Artin—Tits groups are so complicated:
Basically, they are “infinite groups without extra structure”.

_—
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Figure: The first ever “published” braid diagram. (Page 283 from GauB’ handwritten
notes, volume seven, <1830).

Tits ~1961-+. GauB’ braid group is the type A case of more general groups.



Figure: The Coxeter graphs of finite type (Picture from https://en.wikipedia.org/wiki/Coxeter_group.)

Examples.

Type Ag « tetrahedron «~ symmetric group Sy.

Type B3 «~ cube/octahedron «~ Weyl group (Z/2Z)3 x S3.

Type H3 e~ dodecahedron/icosahedron «~ exceptional Coxeter group.
For Ig we have a 4-gon:

|Idea (Coxeter ~1934+|—).|



https://en.wikipedia.org/wiki/Coxeter_group

Figure: The Coxeter graphs of finite type (Picture from https://en.wikipedia.org/wiki/Coxeter_group.)

Examples.

| I | PR fal
Type Az e~ tetr Fact. The symmetries are given by exchanging flags.
Type B3 «~ cub -
Type H3 e~ dodecahedron/icosahedron «~ exceptional Coxeter group.
For Ig we have a 4-gon:

Fix a flag . [Idea (Coxeter ~1934++).]
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Figure: The Coxeter graphs of finite type (Picture from https://en.wikipedia.org/wiki/Coxeter_group.)

Examples.

Type Ag « tetrahedron «~ symmetric group Sy.

Type B3 «~ cube/octahedron «~ Weyl group (Z/2Z)3 x S3.

Type H3 e~ dodecahedron/icosahedron «~ exceptional Coxeter group.
For Ig we have a 4-gon:

Fix a flag F. [Idea (Coxeter ~1934-++).|

Fix a hyperplane Hy permuting ,\

the adjacent 0-cells of F'.
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Figure: The Coxeter graphs of finite type (Picture from https://en.wikipedia.org/wiki/Coxeter_group.)

Examples.

Type Ag « tetrahedron «~ symmetric group Sy.

Type B3 «~ cube/octahedron «~ Weyl group (Z/2Z)3 x S3.

Type H3 e~ dodecahedron/icosahedron «~ exceptional Coxeter group.
For Ig we have a 4-gon:

Fix a flag F. [Idea (Coxeter ~1934-++).|

Fix a hyperplane Hy permuting
the adjacent 0-cells of F'.

Fix a hyperplane H; permuting
the adjacent 1-cells of F', etc.
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Figure: The Coxeter graphs of finite type (Picture from https://en.wikipedia.org/wiki/Coxeter_group.)

Examples.

Type Ag « tetrahedron «~ symmetric group Sy.

Type B3 «~ cube/octahedron «~ Weyl group (Z/2Z)3 x S3.

Type H3 e~ dodecahedron/icosahedron «~ exceptional Coxeter group.
For Ig we have a 4-gon:

Fix a flag F. [Idea (Coxeter ~1934-++).|

Fix a hyperplane Hy permuting
the adjacent 0-cells of F'.

Fix a hyperplane H; permuting °
the adjacent 1-cells of F', etc.

[Write a vertex i for each H; .|
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Figure: The Coxeter graphs of finite type (Picture from https://en.wikipedia.org/wiki/Coxeter_group.)

Examples. This glves a generator-relation presentation.
Type Az «~ tetrahed 1.

Type Bs M|And the braid relat|on measures the angle between hyperplanes. |
Type H3 e~ dodecahedron/icosahedron «~ exceptional Coxeter group.
For Ig we have a 4-gon:

Fix a flag F. [Idea (Coxeter ~1934-++).|

Fix a hyperplane Hy permuting
the adjacent 0-cells of F'.

A - o

Fix a hyperplane H; permuting i
the adjacent 1-cells of F, etc. cos(r/4)

[Write a vertex i for each H; .|

Connect ¢, j by an n-edge for
H;, H; having angle cos(w/n).
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Three gradings:

q < internal & t «~ homological & a «~ Hochschild

Example. To compute Hochschild cohomology take the Koszul resolution
®£V:1 <Re "R RoP (% ®1-1®x;) aq2R6> ’

Tensor it with B, gives a complex with differentials x; ® 1 — 1 ® x;, of which we
think as identifying the variables. This gives a chain complex having non-trivial
chain groups in a-degree 0, ...,n. Here the i*" chain group consists of (") copies
of B, with differentials given by the various ways of identifying 4 variables. The
a'h cohomology = a'* Hochschild cohomology.

Example. If B is already a t-graded complex, then one can take homology of it
and gets “triple H".
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