SL, and fractals

Or: Modular representation theory in a toy example

Daniel Tubbenhauer

N

&

Kﬁi‘m‘

Joint with Lousie Sutton, Paul Wedrich, Jieru Zhu

March 2021

Daniel Tubbenhauer SLy and fractals

March 2021

1/8



Question. What can we say about finite-dimensional modules of SL;...

e __.in the context of the representation theory of classical groups? ~» The
modules and their structure.

e ...in the context of the representation theory of Hopf algebras? ~+ Fusion rules
i.e. tensor products rules.

e ...in the context of categories? ~» Morphisms of representations and their
structure.
The most amazing things happen if the characteristic of the underlying field K = K
of SLy = SLy(K) is finite, and we will see fractals, e.g.

Mod 3
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Question. What can we say about finite-dimensional modules of SL;...

e ...in the context of the representation thearv of classical sroupns? ~~+ The
modu Spoiler: What will be the take away?

® ...in t{Well, in some sense modular (char p < o) representation theory rusion rules

i.e. t§  so much harder than classical one (char co a.k.a. char 0)

o _int because secretly we are doing fractal geometry. \d their

struct

In my toy example SL> we can do everything explicitly. i —
The mOSt ﬂllldLllls LIIIIIED IIG}J}JCII T I CrraraCtTristic UT I ullucllyllls IIeld K = K

of SLy = SLy(K) is finite, and we will see fractals, e.g.

Mod 3
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Weyl ~1923. The SL, Weyl modules A(v—1).

A(1-1) x0y0

A2—1) x1y0 x0y1

A(B-1) x2y0 x1yl x0y2

A(4—1) x3y0 x2yl x1y2 x0y3

A(5—1) x4y0 x3yl x2y?2 x1y3 x0y4

A6—1) x5y0 x4yl x3vy2 x2y3 x1y4 x0y5
A(T—1) x6y0 x5yl x4v2 x3vy3 x2y4 x1y® x0y®

(25) — matrix who's rows are expansions of (aX + cY)"~/(bX + dY) 1.
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Example A(7-1) = KX°Y° @ - .- @ KX° Y.

a® 6a°c 15a* 7 2023 & 1522 c*
a°b  sa‘be.a’d 10a’be? i5ated 10a’bc’i10a’ P d sabcti10a’ 2 d

6acd

5

be®.sactd  cfd
ab a*b? aa’b’c.2a*bd 6a’b?c’isa’bcdia’ d? aab’c?i12a’bc?daaa’ cd? b’ c*igabc®di6a’ 2 d®  zbctdiaacid cfd?
(c d) ACLS @S |11 30 p7c 307 d 3abT2eoalbcdraalbd? bPc 29ablc?disalbed? ol d® 3b2cdi9abd P aaatcd? 3bed dadacd & d
a?b* 2abic.4a?b’d b*c?isab’cd.6alb?d? ab’c?di12ab? cd? aalbdd b2 c2d?.8abcd®+a?d?  abcld®i2acdt 2at
ab®  boc.sabtd sb*cd.10ab’ d? 100 cd? L 10 ab? d* 10b2cd®  5abd sbcd*.iad®  cd®
b° 6b° d 15b* &? 200° ? 15p2 o 6bd° d°
E 7—i i—1 . -
The rows are expansions of (aX + cY)'~'(bX 4+ dY)'~". Binomials!
A(B—1) x2y0 xTy1 xO0y2
A(4—1) x3y0 x2yl xly2 xO0y3
A(5—1) x4v0 x3vyl x2y?2 xly3 x0y4
A(6—1) Xx5y0 SENAL x3y2 x2y3 xly4 x0y5
A(T—1) x6y0 x5yl x*v2 x3vy3 X2y x1y® x0y6

(25) — matrix who's rows are expansions of (aX + cY)"~/(bX + dY) 1.
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Example A(7-1) = KX°Y° @ - .- @ KX° Y.

a® 6a°c 15a* 7 2023 & 1522 c* 6ac® <®
a°b  sa‘be.a’d 10a’be? i5ated 10a’bc’i10a’ P d sabcti10a’ 2 d be®.sactd  cfd
ab a*b? aa’b’c.2a*bd 6a’b?c’isa’bcdia’ d? aab’c?i12a’bc?daaa’ cd? b’ c*igabc®di6a’ 2 d®  zbctdiaacid cfd?
(c d) ACLS @S |11 30 p7c 307 d 3abT2eoalbcdraalbd? bPc 29ablc?disalbed? ol d® 3b2cdi9abd P aaatcd? 3bed dadacd & d
a?b* 2abic.4a?b’d b*c?isab’cd.6alb?d? ab’c?di12ab? cd? aalbdd b2 c2d?.8abcd®+a?d?  abcld®i2acdt 2at
ab®  boc.sabtd sb*cd.10ab’ d? 100 cd? L 10 ab? d* 10b2cd®  5abd sbcd*.iad®  cd®

b° 6b° d 15b* &? 200° ? 15p2 o 6bd° d°

2 7—i i—1 2 2
The rows are expansions of (aX + cY)"~'(bX + dY)'~". Binomials!
A(B—1) x2y0 x1yl xO0y2
Example A(7—1), characteristic 0.
No common eigensystem = A(7—1) simple.
Example A(7—1), characteristic 2.

a® ] atc? ] a?ct ] c®

a®b  a'bc.a’d atcd o abct bciactd Fd

a* o’ ] a* ¢’ o b? ¢t ] ot d?

(5 5) acts as |2°b® a?bic.a’b?d ab® 2 alblcdia’bd? bPcPiab? Pdialbed?ia’d® b Pdiabctdlial cd® b diacld G dl
c a’ bt o bt c? o a? gt o & dt
ab® bciabtd b*cd o abd* bed*iad®  cd®

bt ] bt d? o b? ¢* ] d®

(0,0,0,1,0,0,0) is a common eigenvector, so we found a submodule.
March 2021 3/8
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Weyl ~1923. The SL;

Wevl modules Alv—1).

When is A(v—1) simple?

A(1—1)

A(v—1) is simple
A(2—1)

< Lucas ~1878.
“Binomials mod p are the product of
1 binomials of the p-adic digits”:
v— ay _ r aj
A(B—1) w—l) # 0 for all w S 12 2 (b) =1li—0o (b:) mod p,
where 3 = [ar, .., aglp = S 1_g aip et
< (Lucas’s theorem)

A(4—1) PO

v = [a,0, ..., 0]p.
A( 1 x40 3yl 22 1,3 04

General.
Weyl A(X) and dual Weyl V()
are easy a.k.a. standard;
are parameterized by dominant integral weights;
Af] are highest weight modules;
are defined over Z;
have the classical Weyl characters;
form a basis of the Grothendieck group unitriangular w.r.t. simples;
N satisfy (a version of) Schur's lemma dimy Ext/(A(X), A(n)) = &) 0B i v6
are simple generically;
have a root-binomial-criterion to determine whether they are simple (Jantzen's thesis ~1973).

(ig) — matri
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Ringel, Donkin ~1991. There is a class of modules T(v—1) indexed by N. They
are a bit tricky to define, but:
e They have A- and V filtrations, which look the same if you tilt your head:

General.
Define them using Weyl
and dual Weyl filtrations.

]} - “tilting symmetry”

e Play the role of projective modules.
o T(v—1) = L(v—1) = A(v—1) = V(v—1) over C.

e They are more well-behaved than simples.
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Ringel, Donkin ~1991. There is a class of modules T(v—1) indexed by N. They
are a bit tricky to define, but:
e They have A- and V filtrations, which look the same if you tilt your head:

A
Example of T(4—1) for characteristic 3

A4 —1)

ing symmetry”

X2yl % X1y?

e Play the 1 V(i4-1)
e T(v—1) = L(v—1) = A(v—1) =2 V(v—1) over C.

e They are more well-behaved than simples.
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Ringel, Donkin ~1991. There is a class of modules T(v—1) indexed by N. They
are a bit tricky to define, but:

A L x—= ) FR 1

e They h

How many Weyl factors does T(v—1) have?

# Weyl factors of T(v—1) is 2% where

determined by (Lucas's theorem)

non-zero digits of v = [ar, ar—1, ..., a0]p-

k =max{v,((*7})),w < v}. (Order of vanishing of (¥ }).)

e Play the rq
o T(v—1)

e They are n|

Example T(220540—1) for p = 117
v = 220540 = [1,4,0,7,7, 1]u1;
Maximal vanishing for w = 75594 = [0, 5, 1, 8, 8, 2]11;
(v71) = (HUGE) =...,#0,0,0,0,0]11.

= T(220540—1) has 2* Weyl factors.
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Ringel, Donkin ~1991. There is a class of modules T(v—1) indexed by N. They
are a bit tricky to define, but:
e They have A- and V filtrations, which look the same if you tilt your head:

Which Weyl factors does T(v—1) have a.k.a. the negative digits game?
Wey! factors of T(v—1) are

A([ar, £ar—1, ..., La0]p,—1) where v = [a,, ..., a0],»

Yy — 1) V(z—1) ‘L
Example T(220540—1) for p = 117

v = 220540 = [1,4,0,7,7, 1]u1;

has Weyl factors [1,44,0,£7, +7, £1]11;
e Play the ro

e.g. A(218690 = [1,4,0,—7,—7, —1]11— ) appears.
o T(v—1) = b ——=—=y ==y

e They are more well-behaved than simples.
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Ringel, Donkin ~1991. There is a class of modules T(v—1) indexed by N. They
are a bit tricky to define, but:

e They hav| The tilting-Cartan matrix a.k.a. (T(v—1): A(w—1))?

e Play the
e T(v—1) 9

e They are

1 50 100 150 2

01

1 5 100 150 201

This is characteristic 3.

t your head:

hg symmetry”
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General.
These facts hold in general, and
tilting modules form the “nicest possible” monoidal subcategory.

Tilting modules form a braided monoidal category Tilt.
Simple®simple#simple, Weyl®@Weyl£Weyl, but tilting®tilting=tilting.

The Grothendieck algebra [T1ilt] of Tilt is a commutative algebra with basis
[T(v — 1)]. So what | would like to answer on the object level, i.e. for [Tilt]:

e What are the fusion rules?

e Find the N, € N[0] in T(v - 1) ® T(v — 1) = P, N, T(x — 1).
> For [T1ilt] this means finding the structure constants.

e What are the thick ®-ideals?
> For [T1ilt] this means finding the ideals.
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Tilting modules form a braided monoidal category 7Tilt.
Simple®simple#simple, Weyl®@Weyl£Weyl, but tilting®tilting=tilting.

The Grothendieck algebra [T1ilt] of Tilt is a commutative algebra with basis
[T(v — 1)]. So what | would like to answer on the object level, i.e. for [Tilt]:
e What are the fusion rules?

e Find the N, € N[0] in T(v - 1) ® T(v — 1) = P, N, T(x — 1).
> For [T1ilt] this means finding the structure constants.

e What are the thick ®-ideals?
> For [T1ilt] this means finding the ideals.
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The morphism. There exists a K-algebra Z, defined as a (very explicit) quotient
of the path algebra of an infinite, fractal-like quiver. Let pMod-Z, denote the

category of finitely-generated, projective (right-)modules for Z,. There is an
equivalence of additive, K-linear categories

F: Tilt = pMod-Z,,

sending indecomposable tilting modules to indecomposable projectives.

D

v 123456 78 91011 1213141516 17 18 19 20 21 22 23 24 25 26 27 28 29 I\
T O 1 23 45 6 7 8 010111213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 2
B0 123456 7 8 91011121314 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30
0 43 765109 21312 1615141918112221 252423
67 34
43 10 1312 10 9

Figure: My favorite rainbow: The full subquiver containing the first 53 vertices of the
quiver underlying Zs.
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The morphism. There exists a K-algebra Z, defined as a (very explicit) quotient
of the path algebra of an infinite, fractal-like quiver. Let pMod-Z, denote the

category of finitely-generated, projective (right-)modules for Z,. There is an
equivalence of additive, K-linear categories

T. T T v Adnd 7
Example, generation 0, i.e. up to p.

sending i

In this case the quiver has no edges.

Continuing this periodically gives a quiver for Tilt for char p = oco.

""4 e
2R

v 4 5 6 7 8 9 101112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53
T 0 1 23 45 6 7 8 9 101112131415 16 17 18 19 20 21 22 23 24 25 26 27 28 2 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 62
a 1 3 4 6 7 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52
10 43 76 312 161514 19 18 11 22 21 25 24 23 28 27 20 31 30 17 34 33 32 37 36 29 40 39 8 43 42 41 46 45 38 49 48

3 1516 1213 2425 2122 1819203334233031 9 10 11 42 43 14 39 40

43 10 1312 10 9 2221 1918 1615143130112827 7 6 5 4039 2 37 36

2122 2425 2 15 16

1918 2221 109 1312

1516 1213 67 34

1312 109 43 10

Figure: My favorite rainbow: The full subquiver containing the first 53 vertices of the
quiver underlying Zs.
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Example, generation 1, i.e. up to p>.

In this case the quiver is a bunch of type A graphs. The algebra is a zigzag algebra,
with arrows acting on the Oth digit.

0O

Continuing this periodically gives a quiver for 7Tilt
for the quantum group at a complex root of unity (due to Andersen ~2014).

Sq
Ugoy Ugoy Ugoy Ugoy
(’l,’u - l) (T (’Hl - l) PR (1)2 — l) : (’r,’;g - l) 5 ey
(o} {0} {0} D0}

DoyDyoyev—1 = 0, Uy Uggyew—1 = 0, DypyUgomen—1 = Uy Dyoyey—1 for v # 1, DygyUggyep = 0.

AL
v 4 5 6 7 8 9 101112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53
T 3 4 5 6 7 6 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52
a 3 4 6 7 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52
10 43 765109 21312 1615141918 112221 25 24 23 28 27 20 31 30 17 34 33 32 37 36 29 40 39 8 43 42 41 46 45 38 49 48
6 7 4 16 1213 25 2122 1819203334233031 9 10 11 42 43 14 39 40
43 10 1312 10 9 2221 1918 1615143130 112827 7 6 5 4039 2 37 36
2122 2425 1213 1516
1918 2221 109 1312
1516 1213 67 34
1312 109 43 10

Figure: My favorite rainbow: The full subquiver containing the first 53 vertices of the

quiver underlying Zs.
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Example, generation 2, i.e. up to p°.

In this case every connected component
of the quiver is a bunch of type A graphs glued together

Each row and column is a zigzag algebra, with arrows acting on the Oth digit or 1digit,

in a matrix-grid.

and there are “squares commute” relations.

Continuing this periodically gives a quiver for projective G, T-modules

(due to Andersen ~2019).

Ugoy Ugoy Ugoy Ugoy

wy wg S wy we

Ugop Ugoy Ugoy Ugoy
wo wy wa w3 wy
o h .

Utoy Uqo) Uygoy Ugoy

Ugoy Ugoy Ugoy Ugoy
w_19 w_g w_g w_y w_g
i R . R

w_g
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The morphism. There exists a K-algebra Z, defined as a (very explicit) quotient
of the path algebra of an infinite, fractal-like quiver. Let pMod-Z, denote the
category of finitely-generated, projective (right-)modules for Z,. There is an
equivalence of additive, K-linear categories

F: Tilt = pMod-Z,,
In genera‘I, IZp is basically a bunch of zigzag algebras I
(there are scalars and a lower-order-error term, but never mind)
glued together in a fractal-way, according to the digits of v = [a, ..., ao0],-

sendin

v 123456 78 910111213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 30 40 41 42 43 44 45 46 47 48 49 50 51 52 53
T 0 1 23 45 6 7 8 9 101112131415 16 17 18 19 20 21 22 23 24 25 26 27 28 2 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 62
B0 123456 7 8 91011121314 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52
10 43 765109 21312 1615141918 112221 2524 23 28 27 20 31 30 17 34 33 32 37 36 29 40 39 8 43 42 41 46 45 38 49 48

67 34 15 16 4 181920333423 3031 9 10 11 42 43 14 39 40

43 10 1312 10 9 2221 1918 1615143130112827 7 6 5 4039 2 37 36

2122 2425 1213 1516

1918 2221 109 1312

1516 1213 67 34

1312 10 9 43 10

Figure: My favorite rainbow: The full subquiver containing the first 53 vertices of the
quiver underlying Zs.
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The whole story generalizes to Lusztig's quantum group over K with g € K via:

o We need p, the characteristic of K, and /, the order of g°.

e The p-l-adic expansion of v = [a;, ..., ]/ is v =/, aip") with p® =1

and p(k) = pk=1j, Here0 <ay</—1land0<a <p-—1
> Example. For K =17 and g =2 € F7, we have p =7 and / = 3.

> Example. 68 = [68],3700 = [66, 2]0073 = [17 2, 5]777 = [3, ]., 2]7,3

e Repeat everything | told you for these expansions.

Here is the tilting-Cartan matrix in mixed characteristic p =5 and [ = 2:

5
r1L™
g &P
1 A
A\\ //
L,

/<<</

//T Q/
SR
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Weyl ~1923.

A(1-1)

A(2—1)

A(3—1)

A(—1)

A(5—1)

A(6—1)

A(7—1)

The SL; simples L(v—1) in A(v—1) for p = 5.

%00
x1y0 %0yl
X2 y0 syl %02
x3y0 X2yl x1y2 X0y3
x4y0 x3y1 x2y2 xly3 Xx0y4
Xx5y0 x4yl x3y2 x2y3 xly4 xO0y5

Xx6y0 x5yl x4y? x3y3 x2y4 xly5 XxO0y6

A(7—-1) has (its head) L(7—1) and L(3—1) as factors.

L(1-1)

L(2—1)

L(3—1)

L(a—1)

L(5—1)

L(6—1)

L(7—1)



Weyl ~1923. The SL, simples L(v—1) in A(v—1) for p = 5.

A Mod 5

A

A

A(

A(

A(7-1) h

Pascals triangle modulo p = 5 picks out the simples,
e.g. an unbroken east-west line is a Weyl module which is simple.




Two notions of “elements”

No substructure ‘ Does not decompose

Simples ‘ Indecomposables

(FVCL=V=0or V=L [TEVOW=V=0or V=T

Both are legit elements of which one would like a periodic table.

G finite group, K[G] the regular module (G acting on itself).

No substructure Does not decompose
Simples Projective indecomposables
(%) @-summands of K[G]

SLy, A(1) the regular module (matrices acting by matrices).

No substructure Does not decompose
Simples Tilting modules
(%) @®-summands of A(1)%%




Two notions of “elements”

No substructure ‘ Does not decompose

Simples ‘ Indecomposables

(FVCL=V=0or V=L [TEVOW=V=0or V=T
I In good Iclals.els:

Simple=indecomposable
G finite group, K[G] the reg but not always. n itself).

Both are legit elements of wir' riodic table.

No substructure Does not decompose
Simples Projective indecomposables
(%) @-summands of K[G]

SLy, A(1) the regular module (matrices acting by matrices).

No substructure Does not decompose
Simples Tilting modules
(%) @®-summands of A(1)%%




Fusion graphs.

The fusion graph I', = 'y, 1) of T(v — 1) is:
o Vertices of [, are w € N, and identified with T(w — 1).
o kedges w 5 x if T(x — 1) appears k times in T(v — 1) ® T(w — 1).
e T(v — 1) is a ®-generator if [', is strongly connected.

e This works for any reasonable monoidal category, with vertices being
indecomposable objects and edges count multiplicities in ®-products.

Baby example. Assume that we have two indecomposable objects 1 and X, with
X®2 = 1 @ X. Then:

n=ci1 XD Ix=1—XD

not a ®-generator a ®-generator



. ~ T2 —
Fusion graphs. The fusion graph of T(1) = K for p = oc:

The fusion graph I

e Vertices of ',

o k edges w ®T(w —1).

e T(v—1)isa

e This works for| vertices being
indecomposab n ®-products.

The fusi h of T(1) = K? for p = 2:
Baby example. A e fusion graph of T(1) orp objects 1 and X, with

X®2 = 1 @ X. Then

[y X D

or




Fusion graphs.

The fusion graph I
e Vertices of ',
e k edges w LR
e T(v—1)isa

e This works for
indecomposab

Baby example. A
X®2 = 1 @ X. Then

Iy

The fusion graph of T(1) = K? for p = co:

The fusion graph of T(1) = K? for p = 2:

® T(w —1).

<

In general, there is are
cycles of length p
with edges jumping
1=p° pt, p?,..., units,
reaping every
1=7p° pt, p?..., steps.

>

K >

or




Thick ®-ideal = generated by identities on objects.

®-ideals of Tilt are indexed by prime powers. @-ideal — generated by any sets of morphism.

e Every ®-ideal is thick, and any non-zero thick ®-ideal is of the form
T ={T(v—-1) | v > pk}.

e There is a chain of ®-ideals Tilt = J1 D J, D J2 D .... The cells, i.e.
Jpk | Tps1, are the strongly connected components of I'.

Example (p = 3). A



®-ide Prime power Verlinde categories.

The ideal J,« C Tilt/ Tk is the cell of projectives.
The abelianizations Ver « of Tilt/J 1 are called Verlinde categories.
4 : . k _ k=1 :
The Cartan matrix of Ver,« is a p“ — p*~ -square matrix

® lwith entries given by the common Weyl factors of T(v = 1) and T(w —1).}

Jp ka+1, are th

—

Example (Cartan matrix of Ver34)

Example (p = 3).




Rumer-Teller-Weyl ~1932, Temperley—Lieb ~1971, Kauffman ~1987.

The category 7 L is the monoidal Z-linear category monoidally generated by

object generators : », morphism generators : /\: 1 — %2 \_J: ¥2 — 1,

relations : O = -2, ==

Figure: Conventions and examples.

General-diagrammatics for 77ilt.
For type A we have webs
a la Kuperberg ~1997, Cautis—-Kamnitzer—Morrison ~2012.
For types BCD there are some partial results,
e.g. Brauer ~1937, Kuperberg ~1997,
Sartori ~2017, Rose—Tatham ~2020.




Rumer-Teller-Weyl ~1932, Temperley—Lieb ~1971, Kauffman ~1987.

The category T L is the monoidal Z-linear category monoidally generated by

object generators : , morphism generators : /\: 1 — %2 \_J: ¢®2 — 1,

relations O =2 m = ‘ = N

Theorem (folklore).

5 ° TL is an integral model of Tilt, i.e. fixing K,
X TL - Tilt, s T(1)

¢ |induces an equivalence upon additive, idempotent completion. O
y

Figure: Conventions and examples.



By TL — Tilt, there are diagrammatic projectors
ev-1 — [ € Bndre(s°0 )

and the algebra we are looking for is

ZP = @Hongew_l(o‘@("_l), 0®(W_1))ev_1 ~

v,w

The generating morphisms are basically

Then calculate relations.
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