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An old story: Rumer, Teller and Weyl (1932)

500 G. Ruyer, B Teiren und B Wev,

2. Fundamentalsatz: Alle linearen Abhiingigkeiten zwischen
den Monomen ergeben sich (in einem algebraisch genauer prizi-
siorten Sinne) aus der cinen Identitit (2).

Wir werden uns hier auf den ersten, nicht aber auf den
zweiten Fundamentalsatz stiitzen; vielmebr wird durch unsere
Uberlegungen cin neuer Beweis des 2. Fundamentalsatzes erbracht.

In der Quantenmechanik bedeuten die Zeichen ,y, ..., # Atome,
die sich 7u einem Molekiil zusammensetzen, a,0, ..., ¢ deren Va-
lenzen. Jede Invariante der geforderten Ordnung stellt einen
Spinzustand des Molekills dar. Die durch die Monome repri-
sentierten ,reinen Valenzzustinde® veranschaulicht sich der Che-
miker durch ein Valenzschema, in dem die Atome als Punkte
erscheinen und jeder Klammerfaktor [zy] durch einen die beiden
Atome 2 und y verbindenden gerichteten Strich zam Ausdruck ge-
bracht wird. a,b, ..., sind dann die Anzablen der Valenzstriche,
die von den einzelnen Atomen zy, ...,z im Valenzschema des
Monoms ausgehen. Man zeichne die Punkte z,y, ..., # auf einem
Kreise auf. Die zu beweisende Regel lautet dann:

Jede Invariante J ist eine lincare Komhination
solcher Monome, deren Valenzschema keine sich kreu-
zenden Valenzstriche enthilt. Die Monome mit kreu-
zungslosem Valenzschema sind aber linear unabhiingig
von einander.

Beim Beweise des ersten Teils kann man nach dem
1. Fundamentalsatz annehmen, daf die Invariante J ein Monom
ist, welches wir durch sein Valenzschema S abbilden. Es bestehe
aus N Strichen zwischen den n Punkten ,, ...,z Wir stiitzen
uns darauf, daf man mit Hilfe der Relation (2):

o >< uﬂq ]
4 S

Kreuzungen auflosen kann?). Natiirlich ist mit dieser Bemerkung
nicht alles getan; denn wenn man in einem komplizierten Schema
die Kreuzang zweier Valenzstriche auflost, werden dadurch im all-
gemeinen andere Kreuzungen teils mit aufgeldst, teils neu entstehen.
Dennoch kommt man durch ein geeignetes rekursives Arrangement
zum Ziel, wie folgt.

1) In der Figur warde der Richtungssinn der Valensstriche weggelasson
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The sl,-webs

Definition(Rumar, Teller, Weyl 1932)

Fix two numbers b, t € N with b+t = 2¢. A sl,-web w with b bottom points and
t top points is an embedding (non-intersecting!) of a finite number of lines and
circles in a rectangle with b fixed points at the bottom and t at the top such that
the two boundary points of the lines are some of the fixed points. The set of all
sl-webs w between b bottom points and t top points in denoted by Wz(b, t).

Example(b =3 and t = 5)

N/
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The sly,-web space

Definition

Fix two numbers b, t € N with b+ t = 2¢. The sl,-web space Wa(b, t) is the free
Q(q)-vector space generated by elements of Wa(b, t) modulo

@ The circle removal
O — @ - qqt

@ The isotopy relations

Note that Wh(b, t) is a finite dimensional Q(q)-vector space!
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The sly-web category

Definition(Kuperberg 1997)
The slr-web category or web spider Sp(U,(sl)) is the monoidal, Q(q)-linear
1-category consisting of

@ The objects are the natural numbers N = {0,1,2,...}.

@ The 1l-cells w: b — t are the elements of W5 (b, t).

@ The Q(q)-linear composition is stacking.

@ The monoidal structure ® is given by juxtaposition, i.e. b® b’ = b+ b’ and

AULVALQURVA

@ As generators suffices the identities, shifts, cups and caps

HERNGE R
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The sly-web category - examples

QI

oo




An extra information

Definition
Given a slr-web w € Wy(b, t). A slr-flow line f for w, denoted by wy, is a choice

of orientation for all lines and circles of w.
If one ignores internal circles

O = O

then such a flow line is p determine by its boundary. There it induces a
state string for the bottom S, = (&, ..., %) and top S; = (&,...,£) with a plus
for outgoing flow lines and a minus for incoming.

Nz

| \

Example
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The weight of a flow

Definition

Flows on the generators of the sl>-web category Sp(U4(sl2)) are assigned a
certain weight wt by the local rules

wt(v) =0 wt(v) =-1 wt(m) =0 wt(ﬁ) =+1

and always zero on identities and shifts. The of any sl-web with flow is
the sum over the local weights.
Note that the weight is , thus, for slr-webs without

internal circles.

wt=0

wt=0
wt=0 wt=0 wt =0
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Rigidity of sl;-webs

A seemingly very small point turned out to be if we want to
consider bigger n: Topology is continuous and Algebra is rigid.

Definition, second try - rigid version

The sly-web category or web spider Sp(Ug(sl2)) is the monoidal, Q(g)-linear
1-category consisting of
@ The objects are ordered compositions k of 2¢ € N with only 0,1, 2 as entries.
@ The 1-cells w: k — k' are labelled ladders (we use the convention and do not

draw edges labelled 0 and use a dotted line for those labelled 2) generated by
juxtaposition and vertical composition of (plus relations and rest as before)

0 2 0 2,
ki ka k3 ka . H
ki K kg:Fk
ky ko k3 kg 1 1 = asassnes -
ky ko
ki ka k3 ks k=0,1,2 : :
2 0o 2 0
What is the ? "Easy” to generalize to sl,: Take labels 0,1,...,n—1,n and

“directly” connected to the algebra (which | explain in a second!).

Daniel Tubbenhauer Algebra is rigid March 2014 10 / 38



A rigid example

There is a small number of different ladders, namely the left and right shifts

and (rigid) cups and caps

These suffice to generate all sly-webs, e.g.

-




The quantum algebra U,4(sly)

Definition

For d € N5 the quantum special linear algebra Ug(sly) is the associative, unital
Q(g)-algebra generated by K,.jEl and E; and F;, fori=1,...,d — 1, subject to
some relations (that we do not need today).

Definition(Beilinson-Lusztig-MacPherson)

For each k € 791 adjoin an idempotent 1 (think: projection to the l?—weight
spacel) to Ugy(sly) and add some relations, e.g.

:tk;l

121z, =90

/
#l rilp and Kiilp=q791; (no K’s anymorel!).

The idempotented quantum special linear algebra is defined by

Ug(sl) = €D 1;Uq(sla)1;

K,k ezd—1
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The quantum algebra U,(sly) is a Hopf algebra

It is worth noting that Uq(sly) is a Hopf algebra with coproduct A given by
AE)=E®K +1®E, A(F)=F®1+K '®F and A(K) = K @ K.

The antipode S and the counit € are given by

S(E) = -EK™, S(F)=—KF:, S(Ki) =K, e(E)=¢(F) =0, e(K;) = 1.

The Hopf algebra structure allows to extend actions to tensor products of
representations, to duals of representations and there is a trivial representation.

Example: U, (sly)-vector representation

Consider Q2 with basis x_; = (0,1), x;1 = (1,0). These are called the weights —1
and +1 and K acts on them by g¥1. The vector representation of Ug(sly) is:

E E_Ol
10) & ~\0 o0
10

Think: K = <

y
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The category Rep(U,(sl2))

Definition

The representation category Rep(U,(sl2)) is the monoidal, Q(g)-linear 1-category
consisting of:

@ The objects are finite tensor products of the Ugq(sl>)-representations AFQ2.
Denote them by k = (ki, . .., km) with k; € {0,1,2}.
o The 1-cells w: k — k' are Uy (sly)-intertwiners.

@ Composition of 1-cells is composition of intertwiners and ® is the ordered
tensor product.
It is worth noting that A°Q? = Q is the trivial Ug(sl2)-representation, A?Q? = Q
its dual and A'Q? = Q? is the (self-dual) U,(sl2)-vector representation.

= =
)

The 1-cells of Mor( (using the Hopf algebra structure!) the invariant
tensors Ianq(ﬁlz)(k ® k') with k* = (2 — k1, ...,2 — km).
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We have some control over the intertwiner

Given V = @, A\“Q? denote the tensor basis of V (recall x_1 = (0,1) and
xy1 = (1,0), set xp = xg_1,413 = 1) by {xs | S = (51,...,5m), Si C {—1,+1}}.

Theorem(Kuperberg 1997, n > 3: Cautis-Kamnitzer-Morrison 2012)

Define two Q-linear maps called split and merge by

Msa,b: /\a+b@2 N Aa@Q ®/\b(@27 Msa,b(XS) _ Z(_q)Z(S,T)XT ® Xs_T
TCS
_ _ _ —q)~4T>5) sSNT =
M’an,b: AaQ2®AbQ2 _)l\a+b(@27 M,an’b(XS®XT) _ {é q) XSUT, e @7

for suitable a, b € {0,1,2} and ¢(S, T) € {—1,0,+1}. These are
U, (sly)-intertwiner and generate Rep(U,(sl2)).

V.

Eg: Mpt(x1®x41) = (-9)° Myt ®xo1) = (—q) 1 Myt (xe1 ® xx1) = 0.
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Intertwiner are pictures

Theorem(Kuperberg 1997, n > 3: Cautis-Kamnitzer-Morrison 2012)

The 1-categories Rep(U4(sl2)) and Sp(U4(sl,)) are equivalent. To be more
precise, the equivalence I': Rep(Uq4(sl2)) — Sp(Uq(sl2)) is given by:

@ One objects: Send ®; AKQ? to k.

@ One 1-cells: We only need to consider the generators split M2:* and merge
M2, Send them to

a |b 0 atb
MZP & and M2b— 2
a+b 0 a b

@ Check that it is well-defined!

| am lying a little bit: One has to be a little more careful with objects and duals,
but we ignore this for today.
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Intertwiner are pictures: Some examples

Exempli gratia

What about the *“

left-plus-ladders” ? They are a composite!

k1K

k=0,1,2

LR

k=0,1,2

Generate them by composition of merge and split!

AR ki, k
P Mm™  _ (Mpk s id(

/»Mk oo ky — k, ky — k)) o (id(ky, ki) © MEke=k)

= (MY ®id(1,1)) o (id(1,1) ® MY1)
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How to prove it? Quantum skew Howe duality!

There is an U, (sl,)-action on Sp(Ug4(sl2))? (objects of length d)!

ky ki—1 ki Kiv1 Kiy2 kg
1,—(' — |mmm amm
ky ki—1 ki Ki+1 ki+2 kq
ki kici kil kTl kge kg
Eil Fil: — EEE EEE

ki ki—1 ki Kit1 Ki+2 ka
Thus, Sp(Ugy(sl2))? is a U, (sl,)-module and not just a Ug(sl2)-module.

Even _better: Since, we only need “left-minus-ladders”, aka F's_, it can be realized
as a Ug(slg)-module of a certain highest weight: We can use Ug(sly)-highest
weight theory to prove statements about Ug(sl>)-intertwiner!
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The invariant tensors suffice - a picture

The Hopf-structure says: Mor(E, /_<") = Ianq(glz)(E* ® E’) The picture says:

N\

12

“ \__/ g

Remaining question: How to identify the invariant tensors?
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This is not trivial...

First question: What do we mean by “identify” the invariant tensors?
Recall: Invuq(ﬁlz)(/\’“@2 ®---QAQ?) Cc AMQ®® - ® N“Q?,

and AMQ? @ - -- ® A*Q? has a easy to write down, but horrible to work with
basis: The elementary tensors x!

Thus, “identify” v € Invy (5,)(A*Q? ® - - - ® ARQ?) is writing v in terms of xz.
Second question: How to do it? Recall that the action on tensors is given by

AE)=E®K +1®E, A(F)=F®1+K'®F and A(K) = K ® K;.
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Exempli gratia

Example: Q? @ Q?
Recall that Q2 has basis x;; = (1,0) and x_; = (0,1). Thus, Q?> ® Q? has basis

{11 = X1 ®@ X4, X101 = X441 @ X1, X141 = Xo1 @ Xq1,X1-1 = X_1 @ X_1}.
Test calculation:
—1
Foxppia=F xpu®x 1 +K - x1®F-x1
=X_1 Q@ Xx_1
—1
Fx_1p=F x190xu+K - x1®F - x4

1
=qx1 ®x1

Claim: x41,-1 — g~ 'x_141 is invariant and spans Invuq(gb)(@2 ® Q?).

How to do this in general?
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The diagrammatic calculus helps

Theorem(Khovanov-Kuperberg 1997)

The decomposition of a sl-web w € Mor((, k) in terms of the elementary tensors
xz is encoded by the flow lines f on w in the following way:

@ Each flow f induces a state string S¢ = (%, ...,%) at the boundary and has
a weight wt(wyr).

@ Then the coefficient for xz is (—q)wtwr),

@ Thus, w = Zf(—q)Wt(Wf)ng.

@ (Only n=21) A basis Arc of Mor(0), k) is given by all arc diagrams.

Example: Q? ® Q? again

In this case there is exactly one arc u and it has the two flows

wt(\o /) =0,5 = (+1,-1) and wt(\c/) =-1,5=(-1,+1)

U= X411 ® X1 — q_lx_l ® X41.-

March 2014
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The negative exponent property

= X1 ® X1 ®X_1 @ X1 — q X1 ® X_1 ® Xp1 ® X_1
— g I 1 @ X1 ® X1 @ X1+ g 2x01 ® XC1 ® X41 ® Xy1
Observation: One leading term plus a rest with coefficients in ¢ '7[g ']l This is

called the negative exponent property. In fact, the arc basis is the dual canonical
basis in the sense of Lusztig.
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n > 27 Use g-skew Howe!

Roughly:
@ Express a sl,-web as a string of F’s acting on a highest weight vector v,.
@ The action of the F's is given by the splits and merges. Read of the resulting
vector inductively.
@ There is also a purely combinatorial way to do this!

b g A Y Y 2
2 gl 2 1 2
2 2 0 FP2 1 2
2 2 F 2 0 1 2
—

24 F 3% 1 0 1 2
3: 2 0

3} 2

3 3:

3t s

3 3 3: 0 0 0
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Dual canonical sl,-webs? Quantum skew Howe duality!

Counterexample

_ 2 1 2 1 2 1
= X341 @ X141 ® X0 B X @ XT1 1 @ X7y g

2 1 2 1 2 1
+ X511 @ X1 © Xy ® Xy @ X1 ®xfy 1 + Rest

Here Rest has coefficients in g~ 1Z[q7!].

Note that “most” n > 2-webs do not have this property and this makes live very
complicated! But using g-skew Howe duality one can obtain an iff-condition for a

web to be dual canonical plus an algorithm to compute the dual canonical basis.
March 2014 25 /38
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The famous Jones polynomial

Let Lp be a diagram of an oriented link. Set [2] = g + g~ and

_ H ~ _ H b
ny = number of crossings >7  n_ = number of crossings W

Definition/Theorem(Jones 1984, Kauffman 1987)

The bracket polynomial of the diagram Lp (without orientations) is a polynomial
(Lp) € Z[q, g~ 1] given by the following rules.

@ (B) =1 (normalization).

@ /)= () —q() (recursion step 1).

e (O Lp) =1[2]-(Lp) (recursion step 2).

@ [2]J(Lp) = (—=1)"- g™ 2"~ (Lp) (Re-normalization).
The polynomial J(-) € Z[q, g~ ] is an invariant of oriented links.
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Exempli gratia

2P 2912 gt [P

Thus, J(Hopf) = ¢° + g, i.e the Hopf link is not triviall
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“The Jones revolution”

Definition/ Theorem(HOMFLY 1985, PT 1987)

Define a polynomial P,(Lp) € Z[q, g~ 1] uniquely determined by the property
P,(QO) =1 and the so-called s, skein relations

qzn'Pn(X)_q_2n'Pn(X) :(q—i—q_l)-P,,() 0-
The s[,-HOMFLY-PT polynomial is a link invariant and P»(Lp) = J(Lp).

Shortly after Jones several authors independently found new knot polynomials.
One example is the HOMFLY-PT polynomial. Moreover, researches discovered
connections to different parts of mathematics and physics. Before the “Jones
revolution” there was a lack of knot polynomials and after there where too many.
The questions shifted to:

“Why do they exist? How can we order them?"
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A tangle is an intertwiner

Let g be any classical Lie algebra. Denote by Aj, 11 the Ug4(g)-representation of
highest weight V), V,,,. Let Tp be a diagram of a, A;, j1j-colored, oriented tangle.

1 12 13 a4 s VM1 X VH2 [ VM3 [ VM X VH5
[\) 1
> f(Tp)
.
Ah/)\z,‘()w As V)\1 ® V)\z & VA3 & VA4 ® V)\5
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Representation theory does the trick!

Definition(Reshetikhin-Turaev 1990)

Given the set-up from before we define a certain Uq(g)-intertwiner

f(Tp): Va,®--- @V, > V),,®---® V.

Theorem(Reshetikhin-Turaev 1990)
The Ug(g)-intertwiner f(Tp) is an invariant of Tp.

Corollary(Reshetikhin-Turaev 1990)

In the case of colored, oriented links Lp we have

f(Lp): Q(q) — Q(q), 1+ Prr(Lp) € Z[g,q7 ],

that is each configuration as above gives a polynomial invariant of oriented links!
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This is powerful!

We have the following list of examples!

@ Let g = sly. If we restrict to the Ugy(sla)-vector representation Q2, then the
Reshetikhin-Turaev polynomial Pgrt(-) is the Jones or sl-polynomial.

o Let g = sly. If we allow any kind of coloring with Ug4(slz)-representations,
then Prt(:) is the so-called colored Jones polynomial.

o Let g = sl,. If we restrict to the Uy(sl,)-vector representation Q", then the
Reshetikhin-Turaev polynomial Pgrt(-) is the sl,-polynomial.

@ But the Reshetikhin-Turaev polynomial is much more generalize than all of
them and “explains” them using one concept.

Moral: A lot of link polynomials are special instances of symmetries of the
quantum groups Ug(g)!

Question: Can we do this more explicit for g = s1,?
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“Straightening” again

Consider a diagram of an oriented tangle. Its components can be colored with
colors k € {0, ..., n}. These colors correspond to the fundamental
U, (sl,)-representations A“Q". Straightening it into a Morse position.

TN

[

g e

v2\

p

| ST SR S U T )

fuy
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Tangles to sl,-webs

We can define as before the category Sp(Uq4(sl,)) consisting of 1-cells as

k1 ko k3 ka
ki+k, o —k ki— ko+k
k1 ko ks ky
kl k2 kl k2
k1 k2 k3 k4 /(20,1,2,...,” k:0,1,2,...,n

Let b < a. Define an U,(sl,)-intertwiner A°Q" @ APQ" — APQ" @ A°Q" as follows.

b a
. b /\a+§_b/\
/ _ Z(_l)k+(a+l)bq—b+ka+k [ Aok,
v
2 D k=0 A kA
a b

“Morally” (up to some signs, shifts, re-orientations) the same for a < b and .
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Exempli gratia: Hopf link for sl

2 0 0 2 2
2 {ELLLFTTTfL___z

B T o __p_ 2

1 | P T

1 ) PO s (R

1 qr [ __ [

PO N s DR

1 2 ___0___Jj____|1

L ) o S R

1 oo 7o |t

____0 _1____52___ 1____0
:L___l___i2____(l _L___-l___?____(l

0 2 0 2 0

fio(Hopf): A’Q? ® Q @ A°Q? ® Q — Q ® Q ® A°Q? ® A’Q? is an intertwiner in
Sp(U4(sl,)). In the end we get the same polynomial as before (up to a shift).
Conclusion: Works fine for n = 2. What about n > 27
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Quantum skew Howe duality helps

0 0F 2 12
1 0 2 g B2

1 0 g 2 1

1, [t 1 1

4 1, |t 1 1
U,(sly) — action !
J, 1

1

o O o

2 0 2
< Ug(sl,) —web —
Recall that we have an U, (sl,)-action on Sp(Ug(sl,))9. In the example above

fio(Hopf) = FoFy FsFoFy Ey Fy FaFo Fy FS2 vago.
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The lower part U, (sly) suffices!

0 0 0 2 f O 2
0 0 o . It 1 2

0 0 1 0 1 op 2

0 0 1 0 g 2 1

0 0o, [t 1 1 1

4 0 1 0 It 1 1

U, (sly) — action 0 LR | 0 ! !
1 0 p 2 0 0 1 1

1 1 g 0 F Fa | 1

1 2 0 0 o g |1

1 2 . o _ 0 g I 0

1 F 0 0 2 0

2 0 0 0 2 0

— Ugy(sl,) —web —

A crucial observation: We need only F's!

fo(Hopf) = F) Fy F3Fs FyFa Fs Py Fy FaFs Fo s Fy Fa o Fy ) S FS vanoaoo.-
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The sl,-polynomials using sl;-symmetries

Let us summarize the connection between (colored) sl,-polynomials and the
Uq(slq)-Ug(sl,)-skew Howe duality.

@ Reshetikhin-Turaev: The sl,-polynomials P,(-) are Ugq(sl,)-intertwiner.

o U,(sl,)-intertwiner are vectors in hom’s between U, (sly)-weight spaces.

@ Only F’s: The space of invariant U,(sl,)-tensors is a U, (sl,)-representation
of some highest weight v, and U;(s[d) suffices.

@ Conclusion: The (colored) sl,-polynomials P,(-) are instances of highest
U, (slg)-weight representation theory!

o If Lp is a link diagram, then P,(Lp) is obtained byJumpmg via F's from a
highest 1] q(slg)-weight v, to a lowest 1] q(slg)-weight v;!
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There is still much to do...
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Thanks for your attention!
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