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• Let A be a commutative graded algebra over a base ring 𝕜

• An A-bimodule on a 𝕜 –module M with actions

𝐴 ×𝑀 → 𝑀 and 𝑀 × 𝐴 → 𝑀
eqiuvalent to a left 𝐴⨂𝕜𝐴 – module with action

A⨂𝕜𝐴 ×𝑀 → 𝑀
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Twisted actions



• Twist a right A-module with 𝕜 - algebra automorphism 𝜂: 𝐴 → 𝐴

• For 𝑎 ∈ 𝐴,𝑚 ∈ 𝑀𝑚 '! 𝑎 ∶= 𝑚 ' 𝜂 𝑎

• If we have an A-bimodule with structure on M encoded by

𝜌: 𝐴⨂𝕜A→ 𝐸𝑛𝑑𝕜(𝑀)

then the composition 𝜌 ∘ (𝑖𝑑 ⊗ 𝜂) defines a new A-bimodule with same

left action and twisted right action, denoted by 𝑴𝜼

3



• If we had two automorphisms 𝜂 and 𝜓, then

𝑖𝑑 ⊗ 𝜂 ∘ 𝜓 = (𝑖𝑑 ⊗ 𝜂) ∘ (𝑖𝑑 ⊗ 𝜓)

from which follows, that 𝑀#∘% = (𝑀#)%

• The bimodule 𝑀# can be naturally identified with 𝑀⊗& 𝐴#

• We deduce that

𝐴#∘% ≃ (𝐴#)% ≃ 𝐴#⊗& 𝐴%
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• Consider automorphisms of R	of the form

𝜂': 𝑅 → 𝑅, 𝑎 ⟼ 𝑥𝑎 for 𝑥 ∈ 𝑊

• DEFINITION: The standard bimodules are the R-bimodules of the form 
𝑅' ≔ 𝑅#" obtained by twisting the regular bimodule R on the right side by 
𝜂' for some 𝑥 ∈ 𝑊.

• DEFINITION: The StdBim is the smallest strictly full subcategory of R-gibm
which contains 𝑅' ∀ 𝑥 ∈ 𝑊 and is closed under finite direct sums and 
grading shifts
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Standard bimodules



• From 𝐴"∘$ ≃ (𝐴")$ ≃ 𝐴" ⊗% 𝐴$ we see that

𝑅& ⊗𝑅' ⋍ 𝑅&'

• ⇒ StdBim is monoidal

• EXAMPLE: Let 𝑅 = ℝ 𝑥(, 𝑥), 𝑥* and 𝑊 = 𝑆*, for 𝑓 𝑥(, 𝑥), 𝑥* ∈ 𝑅

and 𝑠 = (2,3) ∈ 𝑊 then the left action of 𝑹𝒔 is simple multiplication 

with 𝑓 𝑥(, 𝑥), 𝑥* , the right action is multiplication with 𝑓 𝑥(, 𝑥*, 𝑥)
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• DEFINITION: For 𝑀,𝑁 ∈ 𝑅 − 𝑔𝑏𝑖𝑚 the graded Hom space is 
𝐻𝑜𝑚• 𝑀,𝑁 ≔⊕,∈ℤ 𝐻𝑜𝑚 𝑀,𝑁 𝑖

We say morphism which send 𝑀, to 𝑁,/0 for some 𝑘 ∈ ℤ are
homogeneous of degree k

• LEMMA: For any 𝑥, 𝑦 ∈ 𝑊 we have

𝐻𝑜𝑚• 𝑅& , 𝑅' = G𝑅 , 𝑖𝑓 𝑥 = 𝑦
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

as a graded vector space
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• We follow that 𝑅& is indecomposable ∀ 𝑥 ∈ 𝑊, since the Lemma 

implies that 𝐸𝑛𝑑 𝑅& = 𝐻𝑜𝑚 𝑅& , 𝑅& = 𝑅 so it has no non-trivial 

idempotents.
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• DEFINITION: The split Grothendieck group 𝑺𝒕𝒅𝐁𝐢𝐦 ⊕ is an abelian 

group generated by symbols 𝐵 for each object B in StdBim

• with the relations 𝐵 = 𝐵′ + 𝐵′′ , whenever 𝐵 ≃ 𝐵!⊕𝐵′′

• 𝑆𝑡𝑑Bim ⊗ is a ring, via 𝐵 𝐵′ = 𝐵𝐵′

• We can make 𝑆𝑡𝑑Bim ⊕ into a ℤ 𝑣±( -algebra, via 𝑣 𝐵 ≔ 𝐵(1)
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Split Grothendieck group



• REMARK: The split Grothendieck group 𝑆𝑡𝑑Bim ⊕ is isomorphic to 

the group algebra ℤ 𝑣±( 𝑊 with an isomorphism sending

𝑅& 𝑡𝑜 𝑥

• StdBim is a categorification of this group algebra

• Soergel Bimodules categorify the Hecke algebra
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• Recall: 𝐵3 = 𝑅⊗4! 𝑅(1) and the Bott-Samelson bimodule 𝐵𝑆 𝑥
associated with the expression 𝑥 = 𝑠(, 𝑠), … , 𝑠5 is the bimodule 
𝐵𝑆 𝑥 = 𝐵3"𝐵3# …𝐵3$ = 𝑅⊗4!" 𝑅 ⊗4!# …⊗4!$ 𝑅 𝑑

• Consider  𝑐3 ≔
(
)
𝛼3 ⊗1+ 1⊗ 𝛼3 and

𝑑3 ≔
(
)
𝛼3 ⊗1− 1⊗ 𝛼3
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• LEMMA: For any 𝑓 ∈ 𝑅, 

𝑓 b 𝑐,6 = 𝑐,6 b 𝑓 + 𝑑3 b 𝛿3 𝑓

𝑓 b 𝑑3 = 𝑑3 b 𝑠(𝑓)

• Proof: First let 𝑓 be s-symmetric, where 𝛿# 𝑓 = 0 , 𝑠 𝑓 = 𝑓

• 𝑓 8 𝑐!" = 𝑐!" 8 𝑓 = 𝑐!" 8 𝑓 + 𝑑# 8 0

• 𝑓 8 𝑑# = 𝑑# 8 𝑓 = 𝑑# 8 𝛿#(𝑓)
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Then let  𝑓 = 𝛼#, 𝛿# 𝑓 = 2 𝑎𝑛𝑑 𝑠 𝑓 = −𝑓
• 𝑐!" & 𝑓 + 𝑑# & 𝛿# 𝑓 = 1⊗ 1 𝛼# + 2𝑑# = 1⊗ 𝛼# + 𝛼# ⊗1− 1⊗ 𝛼# = 𝛼# ⊗1

which is equal to 𝛼! 1⊗ 1

• 𝛼#
$
%
𝛼# ⊗1− 1⊗ 𝛼# = $

%
𝛼#%⊗1− 𝛼# ⊗𝛼# = $

%
𝛼# ⊗ (−𝛼#) − 1⊗ 𝛼# & (−𝛼#)

=
1
2
𝛼# ⊗1− 1⊗ 𝛼# −𝛼#

• Split 𝑓 = 𝛿# 𝑓 $!% + $!
% 𝛿#(𝑓) symmetric and antisymmetric part

• Combine previous results
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• 𝑐3 generates a copy of 𝑅 −1 inside 𝐵3

• 𝑑3 generates a copy of 𝑅3 −1 inside 𝐵3

• Short exact sequences: 

• 0 ⟶ 𝑅# −1 ⟶ 𝐵# ⟶ R 1 ⟶ 0 with 𝜇&' 𝑓 ⊗ 𝑔 = 𝑓𝑔 (Δ)

• 0 ⟶ 𝑅 −1 ⟶ 𝐵# ⟶ R( 1 ⟶ 0 with 𝜇# 𝑓 ⊗ 𝑔 = 𝑓 > 𝑠(𝑔) (∇)
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1 ⟼ 𝑐!

1 ⟼ 𝑑! 𝜇!"

𝜇#

Filtrations



• For an expression 𝑤 = (𝑠(, 𝑠), … , 𝑠6) we can tensor (Δ) together to 

get a filtration of the Bott-Samelson bimodule 𝐵𝑆 𝑤

• For 𝐵3𝐵3 we get 0 ⟶ 𝑅3𝐵3 −1 ⟶ 𝐵3𝐵3 ⟶ 𝐵3(1) ⟶ 0
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• Enumeration of W such that xH ≤ 𝑥I in Bruhat order implies 𝑖 ≤ 𝑗

• EXAMPLE: For 𝐴) we would have 𝑖𝑑 < 𝑠 < 𝑡 < 𝑠𝑡 < 𝑡𝑠 < 𝑠𝑡𝑠

• DEFINITION: For an enumeration as above, a 𝚫 − 𝒇𝒊𝒍𝒕𝒓𝒂𝒕𝒊𝒐𝒏 of a 

Soergel bimodule B is a filtration 𝐵0 ⊂ 𝐵0J( ⊂ ⋯ ⊂ 𝐵K = 𝐵 with 

subquotients 𝐵,/𝐵,/( ≃ 𝑅&3
⊕L43 , where ℎ&3 ∈ ℤMK 𝑣

±(

• Even if W is infinite, this filtration needs to be of finite length.
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• EXAMPLE: If  𝐵,/𝐵,/( ≃ 𝑅&3 ⊗𝑅&3 3 ⊗ 𝑅&3 −5 , then 

ℎ&3 = 1 + 𝑣* + 𝑣JN

• THEOREM: For a fixed enumeration of 𝑊, any Soergel bimodule 𝐵 has 

a unique Δ-filtration. Moreover, for any 𝑥 ∈ 𝑊 the graded multiplicity 

ℎ& of 𝑅& in the Δ-filtration depends only on 𝐵 and 𝑥, not the choice 

of enumeration on W.
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• DEFINITION: The 𝚫 − 𝒄𝒉𝒂𝒓𝒂𝒄𝒕𝒆𝒓 of a Soergel bimodule 𝐵 is the 

element 𝑐ℎO 𝐵 ≔ ∑&∈P 𝑣ℓ & ℎ& 𝐵 𝛿&, of 𝐻, where 𝛿& are the 

standard basis elements.

• EXAMPLE: We have ℎ,6 𝐵3 = 𝑣( and ℎ3 𝐵3 = 𝑣J( , therefore 

𝑐ℎO 𝐵3 = 𝑣𝛿,6 + 𝑣 b 𝑣J(𝛿3 = 𝑣 + 𝛿3 ,

hence 𝒄𝒉𝜟 𝑩𝒔 = 𝐛𝐬 for any s ∈ 𝑆
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EXAMPLE: Let 𝑊 = 𝑆) =< 1, 𝑠 >

• Standard basis 𝛿(, 𝛿3

• Kazhdan-Lusztig basis 𝑏(, 𝑏3

• Change of basis matrix is 1 𝑣
0 1 , indeed 𝛿(, 𝛿3

1 𝑣
0 1 = 𝑏(, 𝑏3

since b( = 𝛿( and 𝑏) = 𝛿(𝑣( + 𝛿3
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• DEFINITION: The ∇ − 𝒄𝒉𝒂𝒓𝒂𝒄𝒕𝒆𝒓 of a Soergel bimodule 𝐵 is the 

element 𝑐ℎ∇ 𝐵 ≔ ∑&∈P 𝑣ℓ & ℎ&U 𝐵 𝛿& ∈ 𝐻

• EXAMPLE: We have ℎ′,6 𝐵3 = 𝑣J( and ℎ′3 𝐵3 = 𝑣( , therefore 

𝑐ℎ∇ 𝐵3 = 𝑣J(𝛿,6 + 𝑣 b 𝑣𝛿3 = 𝑣 + 𝛿3 ,

hence 𝒄𝒉𝜟 𝑩𝒔 = 𝐛𝐬 = 𝐜𝐡𝛁(𝐁𝐬) for any s ∈ 𝑆
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• Properties: 𝑐ℎO 𝐵 ⊕ 𝐵U = 𝑐ℎO 𝐵 + 𝑐ℎO 𝐵′
𝑐ℎ∇ 𝐵 ⊕ 𝐵U = 𝑐ℎ∇ 𝐵 + 𝑐ℎ∇ 𝐵′

and 
𝑐ℎO 𝐵 1 = 𝑣 𝑐ℎO(𝐵)
𝑐ℎ∇ 𝐵 1 = 𝑣J( 𝑐ℎ∇(𝐵)

for all Soergel bimodules B	and B’
• ⇒We have ℤ-linear maps 𝑐ℎO ,𝑐ℎ∇: 𝕊𝐵𝑖𝑚 ⊕ ⟶𝐻

from the split Grothendieck group of 𝕊𝐵𝑖𝑚
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1. There is a ℤ 𝑣±( -algebra homomorphism 𝑐: 𝐻 → 𝕊𝐵𝑖𝑚 ⊗
sending 𝑏3 𝑡𝑜 𝐵3 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠 ∈ 𝑆

2. There is a bijection between W and the set of indecomposable
objects of 𝕊𝐵𝑖𝑚 up to shift and isomorphism:
𝑊⟷ {𝑖𝑛𝑑𝑒𝑐. 𝑜𝑏𝑗𝑒𝑐𝑡𝑠 𝑖𝑛 𝑆𝐵𝑖𝑚}/≃ , (1)
𝑤 ⟷ 𝐵X

The indecomposable object 𝐵X appears as direct summand of the Bott-
Samelson bimodule 𝐵𝑆(𝑤) for a reduced expression of 𝑤. Moreover, 
all other summands of 𝐵𝑆(𝑤) are shifts of 𝐵& for 𝑥 < 𝑤 in the Bruhat
order .
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Soergel‘s Categorification Theorem



3. The character function 𝑐ℎ = 𝑐ℎO defined above descends to a 
ℤ 𝑣±( -module homomorphism

𝑐ℎ: 𝕊𝐵𝑖𝑚 ⊗ → 𝐻
Which is the inverse to c. Thus, both are isomorphisms.

𝑆𝐵𝑖𝑚 ⊗ ≃ 𝐻𝑒𝑐𝑘𝑒 𝑎𝑙𝑔𝑒𝑏𝑟𝑎
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Soergel‘s Conjecture

For any 𝑥 ∈ 𝑊, 𝑐ℎ 𝐵& = 𝑏& . In other words, the Kazhdan-Lusztig

polynomial ℎ&,' is equal to ℎ& 𝐵' .


