
EXERCISES 11: LECTURE FOUNDATIONS OF MATHEMATICS

Exercise 1. An ordered field K is called archimedean if, for all a, b ∈ K with a > 0, there
exists n ∈ N such that b < na. Show that Q with its natural order is archimedean.

Exercise 2. Show that an ordered field K is archimedean if and only if {n · 1 | n ∈ N} ⊂ K
is not bounded from above.

Exercise 3. Show: For x ∈ R with x > −1 and n ∈ N one has (1 + x)n ≥ 1 + nx.

Exercise 4. Show that Q(
√
2) = {a+ b

√
2 | a, b ∈ Q} ⊂ R is a field. Here

√
2 /∈ Q denotes a

real number with
√
2
√
2 = 2, the addition is

(a+ b
√
2) + (c+ d

√
2) = (a+ c) + (b+ d)

√
2

and the multiplication is

(a+ b
√
2)(c+ d

√
2) = (ac+ 2bd) + (ad+ bc)

√
2,

for a, b, c, d ∈ Q.

Submission of the exercise sheet: 09.Dec.2019 before the lecture. Return of the
exercise sheet: 12.Dec.2019 during the exercise sessions.
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